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ABSTRACT 
The primary purpose of this study was to investigate in 
different age groups the various relationships between 
autorefraction and subjective refraction, between 
autorefraction and retinoscopy and between retinoscopy and 
subjective refraction. Multivariate statistical methods are 
used to explore the nature of the relationships between these 
three different methods of evaluating refractive state. This 
is the first occasion in which these statistical approaches 
have been used to address these relationships within a sample 
of black South Africans. 
The short-term variation of measurements of the 
autorefractor used in this study was evaluated by means of an 
artificial or model eye. Here samples of fifty measurements 
each were obtained every two hours over a period of one day. 
Scatter plots, meridional profiles and hypothesis tests of 
equality of variance-covariance and of equality of mean 
autorefraction are used for analysis of the measurements 
obtained. Such analysis suggests that the variability in 
autorefraction across the day was of small magnitude and less 
than that typically found with human eyes. The implication is 
that many other factors besides the instrument itself are 
responsible for the variation found when using an 
autorefractor on a human eye. These factors include changes 
in accommodation, ocular fixation, the blinking process and 
attention. The environment within which the autorefractor is 
placed is important and changes in, for example, temperature 
may have subtle but significant influences. 
The major part of this dissertation describes a study 
performed over a period of about seven months during which a 
sample of 240 male and female subjects were chosen randomly 
from a larger group of about 2800 patients who came to have 
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their eyes examined in a clinical practice. A questionnaire 
was completed by each subject and retinoscopy was performed 
followed by subjective refraction and then autorefraction. 
Ocular health was assessed and visual acuities were measured. 
The study subjects were further divided into six smaller 
subgroups according to their ages and the analysis of results 
obtained with retinoscopy, subjective refraction and 
autorefraction included both qualitative and quantitative 
multivariate methods such as stereo-pair scatter plots, 
trajectories of change of dioptric power, meridional profiles, 
confidence and distribution ellipsoids, and testing of 
hypotheses of equality of variance-covariance and of equality 
of means. All of these methods help in understanding the 
nature of the various relationships between the different 
refractive methods, and they also are important when 
considering concepts such as mean refractive state and 
variation of refraction in human eyes. They also are used to 
develop an understanding of the distribution or spread of the 
population of refractive states from which the 'sample was 
obtained. 
For the three refractive methods . (retinoscopy, subjective 
refraction and autorefraction) the spread or distribution of 
measurements in the six age groups suggests that generally the 
refractive behaviour of right and left eyes was similar. A 
possible shift towards hyperopia and more astigmatism with 
increasing age is apparent. For example, mean autorefraction 
for the right and left eyes in the youngest and oldest age 
groups (Groups 1 and 6 respectively) is -0.41/-0.06 x 148 and 
-0.32/-0.07 x 177 and 0.41/-0.57 x 102 and 0.57/-0.32 x 75. 
Similarly mean subjective refraction for the right and left 
eyes of Group 1 is 0.10/-0.14 x 97 and 0.30/-0.17 x 81 and is 
0.78/-0.70 x 95 and 0.89/-0.47 x 82 for the right and left 
eyes of Group 6 respectively. Again mean retinoscopy for the 
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right and left eyes of Group 1 and Group 6 respectively is 
0.69/-0.05 x 91 and 0.65/-0.21 x 82 and 1.72/-0.88 x 89 and 
1.53/-0.74 x 81. This observed shift in refractive state may 
be a reflection of the types of ametropias typically 
encountered in a clinical practice (as against those 
ametropias found in the general population) or it may relate 
to the effects of the ageing process itself and there is some 
support in the literature for the latter possibility. It also 
can be noted that the means for retinoscopy are shifted 
slightly towards greater hyperopia in comparison with the 
means for autorefraction or subjective refraction. 
In order to compare the results of the various methods of 
measuring refractive state differences or excesses of paired 
results were determined. Thus results for eyes within a 
particular age group with, say, subjective refraction were 
subtracted from their corresponding results with, for example, 
autorefraction. This produces a sample of excesses of 
autorefraction over subjective refraction for that age group 
and other statistics such as a mean excess or ' 
variance-covariance matrix can be determined. The strengths 
of the excesses are calculated and represented within each age 
group using profiles of cumulative percentages. The strength 
of an excess is a scalar quantity whereas an excess is 
expressed as an h-vector. If the results for a single eye 
with the two refractive methods are identical then the excess 
for that eye would be (0 0 0) / and the strength of the excess 
would be 0 D. 
For the different age groups analysis of the mean excesses 
obtained when comparing autorefraction to subjective 
refraction indicates that autorefraction measures an eye as 
being slightly more myopic and astigmatic than subjective 
refraction. This effect is slightly greater for the younger 
age groups probably due to proximal accommodation or 
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Group 5, that is, early presbyopes of age 46-55 years. Here 
the mean excesses of retinoscopy over subjective refraction 
for the right and left eyes were 1.12/-0.46 x 77 and 
0.881-0.48,x 87 respectively. In Group 1 these mean excesses 
were 0.69/-0.10 x 10 (right eyes) and 0.34/-0.04 x 84 (left 
eyes). For Group 6 (55 years and older) the mean excesses 
were 0.97/-0.23 x 72 and 0.64/-0.27 x 80 for the right and the 
left eyes respectively. Dissimilarity between the results of 
the right and the left eyes also was observed. For each age 
group the mean excess of the right eyes is more hyperopic than 
that found for the left eyes. 
Thus on average autorefraction measures an eye as being 
slightly more myopic (or less hyperopic) and astigmatic than 
does subjective refraction, whereas retinoscopy measures an 
eye as being slightly more hyperopic (or less myopic) and 
astigmatic than is the case with subjective refraction and 
this effect is slightly greater for the right eyes than for 
the left eyes. It is also slightly greater for younger eyes 
rather than older eyes. When comparing autorefraction and 
retinoscopy a similar effect as for autorefraction and 
subjective refraction is found, that is, autorefraction 
measures an eye as being more myopic, (or less hyperopic) and 
astigmatic than does retinoscopy. The effect is, however, 
greater than with autorefraction and subjective refraction. 
In a study of this type issues of outliers and of 
departures from multivariate normality become important. 
There were few very obvious outliers identifiable in the data 
but there remains a great deal of uncertainty in multivariate 
statistics as to the proper identification of outliers and 
also as regards the necessary transformation of data where 
such data departs from multivariate normality. Nonetheless, 
the potential effects of outliers and of departures from 
normality as regards various quantitative and graphical 
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instrument myopia. The mean excesses for the right and left 
eyes are similar within the different age groups. (For 
example, -0.38/-0.17 x 177 and -0.46/-0.24 x 173 for the right 
and left eyes of Group 1 respectively and -0.20/-0.21 x 163 
and -0.15/-0.18 x 4 for the right and left eyes of Group 6 
respectively). The mean excess of autorefraction over 
subjective refraction for the whole sample (all age groups 
included) is about -0.37 D and -0.4 D in terms of nearest 
equivalent spheres for the right and the left eyes 
respectively). 
Analysis of the mean excesses of autorefraction over 
retinoscopy indicates that autorefraction typically measures 
an eye as being slightly more myopic and astigmatic than does 
retinoscopy. Again this effect is slightly greater for 
younger subjects. (For example, -1.06/-0.09 x 162 and 
-0.76/-0.28 x 173 and -0.94/-0.12 x 167 and -0.53/-0.44 x 176 
for the right and left eyes of Groups 1 and 6 respectively). 
However for the six age groups the group mean excess of 
autorefraction over retinoscopy is larger than the 
corresponding group mean excess of autorefraction over 
subjective refraction. Thus in this study the results of 
autorefraction and subjective refraction are more similar than 
are the results of autorefraction and retinoscopy. The 
average excesses for the right and the left eyes also are more 
dissimilar than was the case for autorefraction over 
subjective refraction. The average excesses for the age 
groups are more myopic for the right eyes than they are for 
the left eyes. The astigmatic components of the mean excesses 
for the groups also are greater for the older age groups than 
for the younger age groups. 
In each age group retinoscopy typically measures an eye as 
being slightly more hyperopic and astigmatic when compared to 
subjective refraction. This effect is most pronounced for 
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results and methods is considered and, for example, data for 
the excesses of autorefraction over subjective refraction is 
used to illustrate the various effects that outliers can 
produce. Here possible outliers were progressively excluded 
from a selected sample and results thereof are indicated 
herein. 
The results of this study suggest that either 
autorefraction or retinoscopy can be used as preliminary 
methods of evaluation of the refractive state but that caution 
should be exercised with autorefraction in younger eyes. A 
similar finding has been suggested previously by other 
researchers in this field of study. Autorefraction possibly 
can be used to prescribe spectacles without subjective 
refraction although again caution is required especially with 
younger eyes. This study suggests about 50% of eyes 
irrespective of age probably would achieve a satisfactory 
result using this approach. A large amount of research 
however remains to be done in exploring the complex 
relationships between autorefraction, subjective refraction 
and retinoscopy. This is one of the few studies to use modern 
multivariate statistics to understand these relationships with 
special attention to the ageing process. It also is the first 
study to use such statistical approaches within a sample of 
black South Africans. These explorations are likely to lead 
to improvements both in understanding of the refractive state 
of a human eye, as well as in the diagnosis and management of 
visually related problems. They may assist further in the 
provision of vision and health care in less developed areas of 
the world such as Africa. 
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CONTENTS 
Page 
INTRODUCTION 	 1 
1.1 PUrpose 	 5 
THEORETICAL BACKGROUND 	 7 
2.1 The dioptric power matrix 	 7 
2.2 Representation of dioptric power 	 11 
2.3 Sample statistics 	 14 
2.4 Meridional profiles 	 16 
2.5 Hypothesis testing and inference 	 19 
2.6 Distribution and confidence ellipsoids 	 20 
2.7 Dioptric strength 	 22 
2.8 Autorefraction, subjective refraction and 
retinoscopy by age 	 24 
METHODS 	 40 
RESULTS 
	
.45 
4.1 Autorefraction on an artificial or model eye 	 45 
4.2 Comparison of autorefraction and subjective 
refraction by age 	 61 
4.2.1 Autorefraction for groups 1 to 6 	 61 
4.2.2 Subjective refractions for groups 
1 to 6 
	
63 
4.2.3 Excesses of autorefraction over 
subjective refraction by age 	 65 
4.2.4 Confidence ellipsoids and meridional 
profiles of the excesses of auto- 
refraction over subjective refraction 	 67 
4.2.5 Strengths of the excesses of auto- 
refraction over subjective refraction 	 79 
4.3 Comparison of autorefraction and retinoscopy 
by age 	 81 
ix 
4.3.1 Retinoscopy for groups 1 to 6 	 81 
4.3.2 Excesses of autorefraction over 
retinoscopy by age 	 82 
4%3.3 Confidence ellipsoids and meridional 
profiles of the excesses of auto- 
refraction over retinoscopy 	 85 
4.3.4 Strengths of the excesses of auto- 
refraction over retinoscopy 	 96 
4.4 Comparison of retinoscopy and subjective 
refraction by age 	 97 
4.4.1 The excesses of retinoscopy over 
subjective refraction by age 	 97 
4.4.2 Confidence ellipsoids and meridional 
profiles of the excesses of retinoscopy 
over subjective refraction 	 100 
4.4.3 Strengths of the excesses of retinoscopy 
over subjective refraction 	 111 
4.5 Outliers and departures from multivariate 
normality 	 112 
DISCUSSION 	 1 	 123 
5.1 General 
	 123 
5.2 Limitations of the study 	 140 
5.3 Directions for future research 
	
144 
CONCLUSION 
	 146 
REFERENCES 
	 152 
APPENDICES 
	 167 
Appendix A: Questionnaire 	 168 
Appendix B: Scatter plots by age 	 170 
Appendix B1: Autorefraction means 	 170 
Appendix B2: Subjective refraction 	 172 
Appendix B3: Retinoscopy 	 174 
Appendix C: Scatter plots of excesses 	 176 
Appendix Cl: Autorefraction over subjective 
refraction 	 176 
Appendix C2: Autorefraction over retinoscopy 	 178 
Appendix C3: Retinoscopy over subjective 
refraction 	 180 
Appendix D: Strengths of the excesses 	 182 
Appendix Dl: Autorefraction over subjective 
refraction 	 182 
Appendix D2: Autorefraction over retinoscopy 	 186 
Appendix D3: Retinoscopy over subjective 
refraction 	 190 
Appendix E: Hypothesis tests 	 194 
Appendix El: Test statistics and critical values 
for hypothesis tests of equality of 
variance-covariance 194 
Appendix E2: Test statistics and critical values 
for hypothesis tests of equality of 
means 196 
xi 
LIST OF TABLES  
Page 
Table 1: Subject subgroups according to age. 	 40 
Table 2: 50 autorefraction measurements on a model eye 
at 09h00. 	 46 
Table 3: Mean refractive state of the model eye. 	 49 
Table 4: Variance-covariance matrices of the model eye. 	 50 
Table 5: Mean excesses of autorefraction over subjective 
refraction for Groups 1 to 6. 	 66 
Table 6: The volumes of the 95% confidence ellipsoids 
for the excesses of subjective refraction over 
autorefraction (Groups 1 to 6). 	 69 
Table 7: Variance-covariance matrices of the excesses 
of autorefraction over subjective refraction 
for Groups 1 to 6. 72 
Table 8: Mean excesses of autorefraction over 
retinoscopy for Groups 1 to 6. 
	 83 
Table 9: The volumes of the 95% confidence ellipsoids 
for the excesses of autorefraction over 
retinoscopy (Groups 1 to 6). 
	 1 	 87 
Table 10: Variance-covariance matrices of the excesses 
of autorefraction over retinoscopy 
for Groups 1 to 6. 
	 88 
Table 11: Mean excesses of retinoscopy over subjective 
refraction for Groups 1 to 6. 
	 99 
Table 12: The volumes of the 95% confidence ellipsoids 
for the excesses of retinoscopy over 
subjective refraction (Groups 1 to 6). 	 102 
Table 13: Variance-covariances matrices of the excesses 
of retinoscopy over subjective refraction 
for Groups 1 to 6. 	 105 
Table 14: Mean excesses of autorefraction over 
subjective refraction for the left eyes of 
Group 1 as three outliers are progressively 
removed from the original sample. 	 115 
xii 
Table 15: The volumes of the 95% confidence ellipsoids 
on the mean excesses of autorefraction over 
subjective refraction for the left eyes of 
Group 1 as three outliers are progressively 
removed from the original sample. 	 117 
Table 16: Variance-covariance matrices of the excesses 
of autorefraction over subjective refraction 
for the left eyes of Group 1 as three outliers 
are progressively removed from the 
original sample. 	 119 
1. INTRODUCTION 
The possibilities for research in vision science are 
almost limitless and much is still to be learnt about the 
visual system. A great deal of optometric research involves 
multivariate quantities such as the refractive state. When 
one deals with the refractive state one requires a proper 
methodology (Harris, 1988(a), (b), (c), 1990(c), (e), (f), 
1991(a), (b), 1992(b), 1997 (a), Harris, Malan and Rubin, 
1991(a), (b) and Malan, 1993). In the history of vision 
science this has been a problem. Most studies could only 
consider dioptric power, that is, the sphere and cylinder 
power and cylinder axis, as separable *independent variables. 
Other studies resorted to nearest spherical equivalent powers. 
Both of these approaches have severe limitations and many 
studies might have arrived at faulty conclusions because of 
these methods of analysing dioptric power. 
Autorefractors increasingly are becoming of great 
importance both for objective refraction (in optometry and 
ophthalmology) and for research into vision function. 
Accuracy, validity and repeatability may differ from one 
instrument to another. Questions remain to be fully answered 
concerning the variability inherent in autorefractors. For 
example, is this variation significant enough to lead to users 
or researchers reaching faulty conclusions from measurements 
obtained when using such autorefractors to measure refractive 
state? It also should not be overlooked that the person 
operating the instrument also may contribute significantly to 
variation in results obtained. Although one may try his or 
her utmost best to follow the manufacturer's instructions in 
operating these instruments, one does not on every occasion 
operate them in exactly the same way. For example, the 
examiner's tone of voice may be relaxed or rushed and this may 
affect subjects. Instructions given may be only slightly 
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different but could have quite different results in the 
subject's understanding of what is required. Man is never 
static; he changes constantly depending on his intelligence 
and physiological well-being. Many of these same factors are 
also important when we consider other approaches for measuring 
refractive state such as subjective refraction or retinoscopy. 
Until now relatively little research has been done in the 
field of measuring refractive state with methods such as 
autorefraction. Some studies have looked specifically at the 
evaluation of the reliability and the validity of different 
autorefractors and generally have reported positively with 
regard to these two aspects in the abence of factors such as 
disease, for example, cataract (Volk, 1955, Wesemann and 
Rassow, 1987, Tunnacliffe and Lomas, 1989, McCaghrey and 
Matthews, 1993, Malan, 1993, 1994 and Joubert and Harris, 
1997). 
In evaluating the refractive status of the eye with 
methods other than autorefraction, for example,' subjective 
refraction or retinoscopy, there also are a number of 
important considerations that apply both to making patient 
management decisions and to research . applications. These 
considerations include issues of the variation, and 
repeatability, and validity, of measurements. To what extent 
do measurements vary? Are measurements repeatable and does 
the particular method under consideration measure refractive 
state adequately? Because of various factors such as diurnal 
change and accommodative fluctuation knowledge of any 
subject's true refractive state cannot be known in an absolute 
sense and this is true whatever the method of measurement 
used. 
To assess validity there must be an assumed standard to 
which the method in question is compared. In the area of 
refraction, clinicians would regard this standard as being 
conventional subjective refraction. However, subjective 
refraction accuracy is somewhat limited by relatively large 
phoropter or trial lens power increments, usually 0.25 D, and 
additionally by the difficulty many patients would have in 
discerning less than 0.25 D of blur with Snellen acuity 
charts. The first limitation does not apply to many 
autorefractors that round measurements to 0.01 D. 
Since the introduction of automated objective refractors, 
some research has been designed to investigate whether 
autorefraction could serve as a replacement for conventional 
retinoscopy or subjective refraction. ' Additionally, is the 
use of autorefraction necessary and useful when retinoscopy 
accurately and quickly provides an objective starting point 
for the assessment of the refractive status of a human eye? 
This dissertation addresses these questions and others by 
examining comparisons of autorefraction to retinoscopy, of 
autorefraction to subjective refraction and of retinoscopy to 
subjective refraction. However, here multivariate methods of 
statistical analysis are used in contrast to previous work in 
this area which has relied on less satisfactory approaches 
such as comparisons of nearest equivalent sphere (Volk, - 1955, 
Hyams, Safir and Philpot, 1971, Koetting, Akerman and 
Koetting, 1983, Perrigin, Grosvenor, Reis and Perrigin, 1984, 
Wesner and Young, 1986, Wesemann and Rassow, 1987, Berman, 
Nelson and Caden, 1983, Tunnacliffe and Lomas, 1989, Elliot 
and Wilkes, 1989, McCaghrey and Matthews, 1993 and Strang, 
Winn, Gray and Pugh, 1996). 
Some studies to be described later do indicate that 
autorefraction may be of some value in replacing conventional 
retinoscopy, although with some exceptions such as in younger 
individuals and in people with very small pupils (Berman, 
Nelson and Caden, 1983, Elliot and Wilkes, 1989 and 
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Tunnacliffe and Lomas 1989). Control of the accommodative 
system in the young eye has been found to be difficult as 
compared to that of an older eye. Various mechanisms have 
been built,into autorefractors to assist with control of 
accommodation and autorefractors have been manufactured to be 
functional with eyes with small pupil diameters as may be 
found in older eyes. It also is clear that autorefractors may 
produce different results when compared with one another 
(Wesemann and Rassow, 1987, McCaghrey and Matthews, 1993, 
Villada, Raj, Lewis, Joyce and Watson, 1992, Solomons, 1993 
and Kinge, Midelfart and Jacobson, 1996). This applies even 
for different autorefractors made by the same manufacturer 
(McCaghrey and Matthews, 1993). Reseatchers argue further 
that validity and repeatability of objective automated 
refractors depends on many factors including age, general 
health, refractive state, that is, hyperopia or myopia or 
magnitude of astigmatism and the transparency of the media of 
the eye (Hyams, Safir and Philpot, 1971, Elliot and Wilkes, 
1989, Villada, Raj, Lewis, Joyce and Watson, 1992, McCaghrey 
and Matthews, 1993 and Joubert and Harris, 1997'). There are 
also those individuals (according to Elliot and Wilkes, 1989) 
who simply regard autorefractors as useful only as marketing 
tools, to be used to influence patient's perceptions in 
various ways. 
Similarly we also find studies that argue favourably for 
autorefraction in comparison with conventional subjective 
.
refraction (namely, that there is a large percentage of 
agreement for the sphere component, a smaller but reasonable 
agreement for the cylinder power and a much lower agreement 
for the axis especially when cylinder powers are small). Here 
the researchers suggest that autorefractors sometimes might 
even be useful as a replacement for conventional subjective 
refraction (Berman, Nelson and Caden, 1983, Grosvenor, 
Perrigin and Perrigin, 1983 and McCaghrey and Matthews, 1993). 
The needs of less developed regions of the world suggest that 
the possibility of the use of autorefraction to provide 
compensation for refractive errors is interesting and this 
dissertation explores this issue briefly. 
1.1 Purpose 
In the past most studies involving refractive state had 
the limitation that they treated the refractive error 
components (sphere and cylinder power and cylinder axis) as 
independent entities while these components really are more 
truly inseparable and should be evaluated in a holistic 
manner. Like height, or age, refractive error is a single 
concept. Unlike them, however, it is not measured by a single 
number. It rather is represented by three numbers in, what is 
referred to as conventional notation, F s /F c xa, that is, the 
power of the sphere (F s ), the power of the cylinder (F e ), and 
the angle (a) that the axis of the cylinder makes with the 
reference meridian, usually horizontal (Harris 1988(c)). 
Refractive state thus could only be properly understood when a 
proper scientific matrix or multivariate approach to dioptric 
power began to be used (Harris, 1988(c)). Thus measurements 
of dioptric power in conventional notation need to be 
transformed to a more satisfactory scientific notation and 
this approach is used in this dissertation before statistical 
analyses are performed. 
The primary purpose of this study was to investigate the 
relationships between autorefraction and subjective 
refraction, autorefraction and retinoscopy and retinoscopy and 
subjective refraction within a sample of black South Africans 
of different ages using recently developed multivariate 
methods for dealing with refractive state. Results obtained 
are compared with those previously obtained by other 
researchers although they sometimes have used methods which 
5 
are scientifically not appropriate. The issue is addressed 
briefly as to whether autorefraction can be used as a 
substitute for conventional subjective refraction or 
retinoscopy for people of different age groups. 
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2. THEORETICAL BACKGROUND 
A proper methodology is essential to perform scientific 
studies on, refractive state. This has not been the case in 
the history of optometry and ophthalmology, for example, it 
was argued that dioptric power could not be ranked, that is 
ordered, nor could powers be squared (Saunders, 1985 and 
1989). It would thus be impossible to say whether a 
particular refractive state was larger or smaller than 
another, a necessary requirement for the representation of 
statistical distributions. This also meant that it would be 
impossible to determine fundamental and basic statistics such 
as standard deviation and variance (Harris, 1989(c)). 
2.1 The dioptric power matrix 
Fortunately Harris showed that, by introducing the 
dioptric power matrix, not only could dioptric power be 
squared, but also it could be ranked (Harris, 1988(c), 
1989(a), 1989(b), (c) and 1990(a)). 
Harris (1988(a), 1990(c), 1990(e)) further made it 
possible to calculate a sample mean, a sample 
variance-covariance matrix and to consider probability density 
distributions (Harris, Malan and Rubin, 1991(a)). 
A matrix is merely a set of numbers (called elements) 
arranged in rows and columns. The arrangement in a matrix is 
important. 	 Matrices are relatively easy to work with, in 
that they can be added or subtracted et cetera. It was Long 
(1976) who first argued that the power of a lens F s /F,xa could 
be expressed as a 2x2 matrix, namely the dioptric power matrix 
8 
F= 	 II 	 121 
[ 1 21 1 22 
The top left entry (I II ) is the conventional refractive power 
(or curvital power as it is now known (Harris, 1997(a)) in the 
reference meridian, usually the horizontal meridian. The 
bottom right entry (f 22 ) is the conventional (or curvital) 
power in the meridian perpendicular to the reference meridian, 
usually the vertical meridian. The off-diagonal entries (112 
and 1 21 ) represent what Keating (1986) terms torsional 
refractive power in the reference meridian of a 
sphero-cylinder. As Keating (1986) explains, neglect of the 
torsional refractive power has been the source of much 
confused thinking in the past about power in oblique meridians 
or, rather, meridians that are not principal ones. 
The elements of the dioptric power matrix F are given by: 
f ii =F s +F c sin 2 a 
112=f 21 = —F c sin a cosa 
1 22 =F s +F c cos 2 a 
The matrix usually is symmetric with only three distinct 
numbers (f 11 +1 12 = 1 21 and 1 22 ). All elements have the same units 
(rn -1 or D) unlike the conventional clinical representation 
where axis is expressed in degrees. Once in the matrix form 
dioptric powers (spheres and sphero-cylinders) can be added, 
subtracted, multiplied, and raised to powers and can have 
roots extracted (Harris, 1988(c) and 1989(a)). Decomposition 
of the matrix shows that the elements represent three 
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component powers: the diagonal elements (f 11 and / 22 ) are two 
pure cylinders and the off-diagonal element (121=112) a crossed 
cylinder with axes at 45° and 135° (Harris, 1990(b)) 
A method to recover the conventional expression from the 
matrix was provided by Keating (1980, 1983). This method has 
been programmed into a pocket calculator for ease of use 
(Malan, 1989). First the trace (t) and determinant (d) of the 
matrix is calculated: 
t= 1 ii± 22 
d = f 'If 22 - 1 121 21 
The dioptric power is then F s /F s xa, calculated as follows: 
F c =-Vt 2 -4d 
F s = (t— F s )/2 
tan a= (F Ili)/ 1 12 
Long's dioptric power matrix was simplified later to a vector 
form (Harris, 1988(c), 1989(d), and 1990(e)) for the graphical 
representation of dioptric power (Harris, 1991(b)) in 
three-dimensional space now referred to as symmetric dioptric 
power space (Harris, 1997(a)). With this approach distances 
in the vector space become invariant under change of reference 
meridian (the reference meridian, although usually horizontal, 
can be at any angle (Harris, 1991.(b) and Harris and Malan, 
1993)). Vector h was defined (Harris, 1991(b)) as: 
h = Z vech F 
(9) 
10 
where 	
- 
1 0 0 
Z= 0 4 0 
0 0 1 
 
and vech is the operator that rearranges the distinct 
components of the matrix into a column vector, the h-vector or 
Harris vector. Vector h is now referred to as a coordinate 
vector (Harris 1997(a)). 
In terms of its components one can write 
h 1 
h= h2 
h 3 
and 
hi=iii=Fs+ F c sin 2 a. 
h 2 =1--- 1 12 = — 4- F c sin acosa 
h 3 = / 22 = F s + F c cos 2 a 
) 
To save space the Harris vector can be written simply as a row 
vector: 
h=(h i h 2 h 3 ) / 
The symbol 	 indicates the transpose of the matrix. The term 
r2 in equation 11 is necessary to make the magnitude of h 
invariant under change of the reference meridian selected 
(that is, the meridian from which cylinder axes are measured). 
This means that shapes and distances in the vector space 
remain constant under changes of reference meridian. 
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In summary, it is possible to transform dioptric powers in 
conventional notation (F,/F,xa) to a more scientifically 
useful notation namely h-vectors and in this manner dioptric 
power can be plotted in 3-space with the components of h 
marked off along three orthogonal axes. This 
three-dimensional Euclidean space has been termed h-space 
(Harris 1991(b)) or symmetric dioptric power space (Harris, 
1997(a)) and shapes and distances in the representation are 
independent of the meridian chosen as the reference from which 
cylinder axes are measured. 
Such a representation also allows for various statistical 
approaches to be used including stereo-pair scatter plots that 
show the spread of refractive measurements as well as 
confidence regions about mean dioptric power or surfaces of 
constant probability density of a particular eye (Harris, 
Malan, and Rubin, 1991(a), 1991(b)). The region enclosed 
within a surface of constant probability is an estimation of 
the distribution of the population from which a particular 
sample was drawn (Harris, Malan and Rubin, 1991(a)). 
2.2 Representation of dioptric power 
The graph of dioptric power in Euclidean 3-space has three 
axes, labeled h 1 , h 2 and h 3 (see Figure 2.2.1). The h l axis 
represents cylindrical dioptric power with axis perpendicular 
to the reference meridian, usually horizontal. The h 3 axis 
represents cylindrical powers with axis in the reference 
meridian. Each axis continues on both sides of the origin 
although only a part of the positive halves of the axes are 
shown in Figure 2.2.1. The complete h 2 axis includes all 
Jackson crossed cylinders with axes at 45 ° and 135°. 
plane of coast F,„ 
plane of const a 
/cone of cylinders 
h, 
cylinder of 
const F, 
plane of J cross cyls 
135 
h, 
Figure 2.2.1 Major landmarks in the representation of 
dioptric power in Euclidean 3-space (Harris, 1991(b)). Where 
the power F, of the cylinder component is referred to it is 
assumed to be positive. The axis of spheres lies in the plane 
h 2 = 0 and is at 45 degrees to the h l and h 3 axes. Planes of 
constant nearest equivalent sphere F RS are perpendicular to the 
line of spheres. The particular plane with F RS = 0 D is the 
plane of Jackson crossed cylinders. It passes through the 
origin and contains the h 2 axis. All powers containing 
cylindrical components of the same magnitude F, lie on a right 
circular cylinder of which the axis of spheres is its axis of 
revolution. As F, decreases to zero the cylinders collapse to 
the axis of spheres. Powers whose cylinder axes a are the 
same lie on planes that extend from the axis of spheres. Such 
a plane is shown for a = 45°. All cylinders lie on a cone with 
its apex at the origin. Generators of the cone correspond to 
particular values of a. The h l and h 3 axes are generators at 
90 ° and 0 ° respectively. The portion of the cone shown 
represents the positive cylinders only. The origin represents 
the dioptric power 0 D. Reproduced with permission from 
Ophthalmic and Physiological Optics (Harris, 1 991 (b) 11 
263-270). 
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Various other landmarks can be identified in the vector 
space, including the axis or line or spheres that contains all 
possible spherical powers when the origin of the graph 
represents zero dioptric power, or the refractive state of 
emmetropia. (It is sometimes useful to move the axes so that 
some other power is at the origin.) The axis of spheres is in 
the plane formed by the axes h l and h 3 and forms an angle of 
45° with each axis. It is possible to visualise planes that 
are perpendicular to the axis of spheres. Such planes are 
known as planes of constant nearest equivalent sphere. Every 
distinct point in such a plane represents a different dioptric 
power but each of these powers has the same nearest equivalent 
sphere. One of these planes contains-the origin and the axis 
h 2 and is the plane of all Jackson crossed cylinders (Harris, 
1991(b)). 
Centered on the axis of spheres are cylinders, or rather 
surfaces of cylinders, representing all dioptric powers with 
cylindrical power of the same magnitude. There is an infinity 
of such cylindrical surfaces in h-space. The radius of the 
cylindrical surface increases with the magnitude of the 
cylindrical power. Also centered on the axis of spheres is 
the cone of all cylinders. The apex of this cone is at the 
origin. The origin separates the cone into two parts; The 
part containing positive cylinders (seen on Figure 2.2.1) and 
the part containing negative cylinders (extending below the 
origin and not shown on Figure 2.2.1). The cone contains the 
h l axis, representing all cylinders with axis at 90 °, and the 
h 3 axis representing all cylinders with axis at 0 °. Axes are 
measured about the cone in a counterclockwise manner beginning 
from 0 ° (or 180 ° ) at the axis h 3 (Harris, 1991(b)). 
Plotting data on stereo-pair scatter plots (see Appendix 
B) based upon the abovementioned vector space enables one to 
interpret variance of dioptric power. Measurements are 
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plotted using suitable scaling and from the study of the graph 
an idea of the relationship between measurements can be 
obtained. A widely-spread cluster represents large variation 
about a central point (which usually is the mean); a tight 
cluster represents little variation about the central point. 
Thus, the spread of the data about the mean is easily 
evaluated. The spread of the measurements in various 
directions with 3-space and the normality of the distribution 
of measurements, or departures therefrom, also can be 
evaluated. The graphs can be rotated in symmetric dioptric 
power space to allow viewing from any direction and thereby 
outliers, or unusual measurements, are more easily identified. 
2.3 Sample statistics 
The sample statistics most often used in univariate 
studies are the sample (arithmetic) mean and variance (the 
square of the standard deviation) and both are of prime 
importance in the formal analysis and interpretation of 
quantitative measurements (Harris, 1990(e) and 'Pagano, 1994). 
The mean is a central value around which the sample clusters 
whereas the variance is a measure of the spread or the 
dispersion of the cluster around the mean. These statistics 
are single numbers in univariate statistical analysis but they 
become more complicated for multivariate situations such as 
when working with refractive state. 
In univariate statistics data usually is expected to vary 
in such a manner that the curve representative of a normal 
distribution is produced. Such a curve has a unimodal bell 
shape and it is perfectly symmetrical with no skewing. It is 
mesokurtic and has a mean, median and mode which are equal in 
value. The distribution also is continuous in nature (Pagano, 
1994). In the case of a multivariate normal distribution the 
greatest density or concentration of measurements is near the 
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mean or average value of the measurements. The density of 
measurements decreases symmetrically outwards along any radius 
from the mean. The rate of decrease in density is not 
generally the same along all radii but is symmetrical about 
the mean. Departures from multivariate normality in symmetric 
dioptric power space can occur in any direction and may take 
many forms including the formation of distinct clusters, or 
outliers, or leptokurtosis or platykurtosis, or positive or 
negative skewing. All these different kinds of departures 
from normality can be identified within the three dimensional 
space of the stereo-pair scatter plot (Harris and Malan, 
1993). 
2.3.1 Mean dioptric power 
Measurements of refractive state in clinical form are 
first converted to vectorial form and the mean is calculated 
(Harris 1990(e)). For a sample of n measurements h i ,h 2 ,h 3 ...,h n 
 
the sample mean is: 
 h=- 1 h i 	 (13) 
n 
2.3.2 Variance-covariance matrices 
The statistic variance is required in many statistical 
approaches including hypothesis testing and calculation of 
confidence intervals. A satisfactory method of calculating 
the sample variance of dioptric power was finally described by 
Harris (1990(c), (e)). Variance-covariance matrices are used 
to help examine variation in a sample and are determined by: 
1 
S hh n _ 1 (. 	 (h i - h )(h i - h 
where Shh is a symmetric 3x3 matrix: 
(14) 
n 
16 
S hh -- 
S11 	 S 12 	 S 13 
S 21 S 22 S 23 
S 31 S32 S 33 
(15) 
   
As defined by Harris the variance-covariance of a sample 
consists of nine numbers, although only six are distinct 
(Harris, 1990(c), 1990(e), 1997(b)). All six numbers are 
necessary for a complete representation of the variance of the 
sample. The three diagonal elements (s 11 , s 22 and s 33 ) are 
variances, and the three off-diagonal elements 
(S 129 S13 and s 23 ) are covariances. s ll is the variance of h l , 
s 22 the variance of h 2 and s 33 the variance of h 3. The larger 
the number the greater the variation; 'thus if there was no 
variation the number would be 0 D 2 . 	 The covariance of 
h l and h 2 is s 12 (= s 21 ), the covariance of h 1 and h 3 is 
S 13 (= S 31  ), and the covariance of h 2 and h 3 is s 23 (= s 32 ). 
If the corner entries of a variance-covariance matrix (for 
a sample of measurements, say of autorefraction on an eye) are 
i 
similar and much larger than the other entries, this suggests 
variation that is mainly spherical in character and probably 
relates to the accommodative process in that human eye 
(Harris, 1997(b) and Rubin and Harris, 1997). 
2.4 Meridional profiles 
Meridional profiles are alternative methods of 
representing variation to those already discussed. Departures 
from normality such as skewness also can be represented using 
meridional profiles. 
2.4.1 Meridional profiles of dioptric power 
Meridional profiles of dioptric power (Harris, Rubin and 
Malan, 1993) assist in evaluating samples and the nature of 
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their distributions through the detection of outliers and 
other departures from multivariate normality (some of which 
might be less easily identified from scatter plots alone). 
Examples of meridional profiles of dioptric power can be found 
on page 54. Various arrangements of measurements such as 
found with a trimodal distribution can be exposed by these 
profiles and leptokurtosis or platykurtosis also may be 
demonstrated. Also incorrectly entered measurements may be 
identified (Harris, Malan and Rubin 1993). It is imperative 
that departures from normality be identified because the 
assumption of normality is the basis for many statistical 
procedures. 
The meridional profile of h 3 is the same as for h l but is 
shifted by 90 degrees. This is the case since h l and h 3 
always are along orthogonal meridians. Thus it is necessary 
to graph only one of these profiles; usually h l is used. The 
profile for h 2 against change in the reference meridian also 
is required. 
2.4.2 Meridional profiles of skewness, kurtosis and 
standardized mean deviation 
Skewness is a measure of the symmetry or asymmetry of a 
distribution (Ferguson, 1987). Kurtosis is the flatness or 
peakedness of a distribution with respect to the normal 
distribution which is itself mesokurtic (Ferguson, 1987). If 
the distribution is less peaked than the normal distribution 
it is platykurtic, and if it is more peaked it is leptokurtic. 
When considering symmetric dioptric power space skewness and 
kurtosis are considered in various directions in the 
three-dimensional space. A univariate normal distribution has 
a skewness of 0, a kurtosis of 3 and a standardized mean 
deviation of 0.7979 (Harris, Malan and Rubin, 1993). These 
statistics can be calculated for h l , h 2 and h 3 (for change in 
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reference meridian) and the results plotted as profiles that 
help in identifying departures from the expected values, that 
is, departures from normality (Harris and Malan, 1993). 
Figure 4.4 on pages 56/7 includes examples of these profiles. 
2.4.3 Meridional profiles of variance-covariance of 
dioptric power 
Often in optometry and ophthalmology the reference 
meridian is taken as 0° (and the axis of all cylinders are 
measured with respect to this meridian). However, one can 
determine a variance-covariance matrix for any meridian as 
reference meridian and this allows for the construction of 
meridional profiles of variance-covariance (Harris, 1992(b), 
1996(c), 1997(b) and Harris and Malan, 1992(a)). 	 (Examples of 
meridional profiles of variance-covariance can be found on 
page 52). The six distinct numbers in each of the calculated 
variance-covariance matrices (Section 2.3.2) are plotted on 
the vertical axis against the corresponding reference meridian 
on the horizontal axis. Different groupings of profiles can 
be observed, for example, the grouping of the profiles 5 11 ,5 33 
and s 31 together and their separation from the other three 
profiles is suggestive of variation that is mainly spherical 
in character. 
Harris, 1996(c) and 1997(b), described variation as 
uniform (two or more flat curves are observed on the 
corresponding meridional profiles of variance-covariance) or 
not uniform (none of the six curves are flat). A flat profile 
necessarily implies the corresponding variance or covariance 
is the same for all meridians of the eye; the variation or 
covariation of dioptric power then can be described as uniform 
across all the meridians of the eye. Such uniform patterns of 
variation provide useful references for analysing and 
describing the nature of variation in any given case, (Harris, 
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1996(c) and 1997(b)). The type of uniformity also can be 
represented by the symbols (j, k) where j and k are two indices 
called the jacksonian and the completeness index respectively 
(Harris, 1996(c) and 1997(b)). The index k indicates the 
closeness of partially uniform variation (two or more flat 
curves but not all six) to complete uniformity (all curves 
flat), whereas the index j, indicates the extent that 
completely uniform variation is jacksonian rather than 
spherical (Harris, 1996(c) and 1997(b)). Completely uniform 
variation thus can range from being purely spherical to being 
jacksonian, that is, variation of measurements within a plane 
of constant nearest equivalent sphere F fl, (see Section 2.2 and 
Figure 2.2.1). 
These meridional profiles of variance-covariance provide a 
great deal of information about the nature of variation of 
dioptric power in the sample. They assist in the 
determination of the meridians (of an eye) which shows 
greatest or least variability. In interpreting these profiles 
of variance-covariance of dioptric power we need to consider 
that in any meridian, any surface of an eye may increase or 
decrease in curvital power. At the same time the surface 
along a meridian also could undergo a twisting action with the 
meridian itself being the axis for this torsion or twist 
(torsional power) (Harris, 1997(b)). This type of meridional 
profile thus allows us to understand the curvital (profiles 
s u and s 33 ) and torsional variation (profile s 22) present as 
well as the extent to which variation in these types of powers 
are linearly related (profiles s 12 , s13 and s 23 ). 
2.5 Hypothesis testing and inference 
Hypothesis testing and inference may, for example, include 
testing whether two or more sample means are significantly 
different from one another or not; or might involve a test of 
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whether a particular sample mean is significantly different 
from a given value. Such tests are of importance for reaching 
appropriate conclusions and in forming true inferences from 
any scientific study. Methods used to test hypotheses on 
means assume that the populations in question have the same 
variance-covariance (Harris, 1992(d)). Hence, this aspect 
needs to be considered first before hypothesis tests on means 
can be performed. There are methods for testing this 
assumption. An assumption of multivariate normality also 
applies to these tests (Harris, 1990(f), 1992(d)). Hypothesis 
tests on variance-covariance are usually more sensitive, that 
is, less robust to departures from multivariate normality than 
hypothesis tests on means (Harris, 1992(d)). 
Hypothesis testing and inference may, for instance, help 
in deciding whether a particular patient's refractive status 
really has changed after a period of treatment, or whether the 
measured change is more likely to be merely a reflection of 
variation in the patient and/or refractionist. 
Hypothesis tests will be used in this dissertation to 
examine various questions such as whether the mean excess of 
autorefraction over subjective refraction is significantly 
different for different age groups (see Appendix E2). 
2.6 Ellipsoids of constant probability density (distribution 
ellipsoids) and confidence ellipsoids 
In univariate statistics one has confidence intervals. In 
multivariate statistics one commonly requires confidence 
regions (Harris, 1990(f)). The former are intervals in 
one-dimensional space about the sample mean whereas the latter 
are multi-dimensional regions or ellipsoids centred on the 
sample mean. See page 58 for examples of 95% confidence 
ellipsoids. An ellipsoid (in 3-space) has three mutually 
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orthogonal principal axes. Measured along those axes the 
ellipsoid has corresponding principal radii and diameters. 
The directions and lengths of the principal diameters are 
important characteristics of ellipsoids (Harris 1990(f)). 
Ellipsoids of constant probability density, or as they are 
sometimes called distribution ellipsoids, can be looked upon 
as estimates of parameters of the population from which the 
sample is drawn. They define the probability distribution of 
the population. The ellipsoids further provide a measure of 
the accuracy and variability of measurement or performance 
(for example, by comparing several samples of measurements 
with autorefraction on a model eye). They are used as a 
method for comparing, different populations. They also allow 
predictions to be made of the probable outcome of various 
processes or factors such as refractive surgery on an eye, or 
eyes, (Harris, Malan and Rubin 1991(a)). The centre or 
centroid of each ellipsoid of constant probability density 
estimates the mean of the population while the size, shape and 
orientation show the extent and nature of the spread of the 
population (Harris, Malan, and Rubin 1991(a)). 
Ellipsoids of constant probability density or distribution 
ellipsoids are similar in mathematical form to ellipsoidal 
confidence regions (Harris 1990(f)). However, their 
statistical implications are quite different (Harris, Malan 
and Rubin 1991(a)). Distribution ellipsoids are surfaces of 
constant probability density and contain a specific percentage 
of dioptric powers in the population. They are useful in 
comparing different population distributions. Usually they 
are chosen to include 95% of the population; thus 5% of the 
population will fall outside of the ellipsoid. The assumption 
of multivariate normality also is applied to these types of 
ellipsoids. As regards refractive state, confidence 
ellipsoids tell us about variation of mean refractive state as 
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determined from samples of measurements. Distribution 
ellipsoids tell us about variation of measurements of 
refractive state in the population itself. 
2.7 Dioptric strength: A scalar representation of dioptric 
power. 
It was Solomons (1993) who brought to the foreground the 
issue of how to obtain a single (or scalar) measure of 
difference in dioptric power. He defines a scalar quantity 
that he calls the error, E. He proceeds to use this quantity 
to analyse the differences between autorefraction and 
subjective refraction, and hence evaluates the performance of 
autorefraction. 
Solomons first defines quantities H and V where: 
H=Fs +Fc sin 2 a. 	 (16) 
and 
V=Fs +Fc cos 2 a 	 (17) 
Where two powers are to be compared equations 16 and 17 are 
used for each power and subscripts can be used. The results 
then can be referred to as II I , 1/ 2 , V I and V2 and the error E 
between the two powers is: 
1 
E= —, v( - — H 2 ) 2 + (V 1 - V 2 ) 2 
V 2 
(18) 
Harris argues that in some cases this measure is 
unsatisfactory, for example, according to equation 18 the 
error E between the powers 2 D and 6.00/-8.00 x 135 is 0 D. 
This result plainly is incorrect and Solomons' error E 
underestimates the true error in all but a special class of 
cases (Harris, 1994). In the evaluation of autorefractors 
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Solomons' method of calculating the error makes instruments 
appear to be better than they actually are in reality. This 
is particularly true for oblique axes because the 
underestimation of the error E is greatest for axes at 
45° and 135°. Harris (1994) then provided a quantity that he 
argued was a more satisfactory scalar measure of difference in 
dioptric power in all cases. According to Harris, a standard 
single scalar measure for any matrix is the (Euclidean) norm, 
or positive square root of the sum of squares of the 
components of the matrix. The norm s of the dioptric power 
matrix F (section 2.1) is defined as: 
s = norm F=IfT i 	 + 	 + 	 (19) 
Because of the squares every component of the matrix, 
regardless of its sign contributes additively under the square 
root. For symmetric dioptric power matrices 1 12 =1 21 and the 
norm of F is: 
s=normF=if ii 2Ji2+ L (20) 
The quantity s is called the (dioptric) strength of a power 
or of a lens (Harris, 1994). The components of F are zero for 
a lens of 0 D and hence, from Equation 20, the strength of a 0 
D lens is zero. A cylinder of power 1 D and with axis in any 
direction has the same strength 1 D. In a sense s can be 
regarded as a cylinder-equivalent strength. As Harris (1994) 
points out, Solomons' E varies with the axis of the cylinder 
which does not seem reasonable. 
Harris also defines a second type of strength or 
sphere-equivalent strength: 
s s =s/1 	 (21) 
A sphere of power 1 D would have s s = 1 D but s of Nr2:i D. The 
strength arises automatically out of the mathematics and is 
fundamentally more meaningful (Harris (1994)). 
These concepts s and s s are used in this study to examine 
differences between methods of measuring refractive state 
(Sections 4.2.5, 4.3.4 and 4.4.3). In this dissertation, as 
mentioned already in the abstract, excesses or differences 
between the various methods of measuring refractive state also 
will be shown as points on stereo-pair scatter plots (see 
Appendix C). Each point, or excess, indicated in these 
3-dimensional plots has a corresponding strength s and the 
smaller the strengths of the excesses the more similar are the 
methods being compared. (These concepts will be expanded upon 
in later sections). 
2.8 Autorefraction, subjective refraction and retinoscopy by 
age: A review of the literature 
Volk (1955) evaluated the Rodenstock Eye-Refractometer and 
the Reid streak retinoscope for determining the refractive 
status of eyes. Each subject was tested with the retinoscope 
and the refractometer, and examined subjectively. For the 
subjective examination, either the retinoscope or the 
refractometer findings would be placed in a trial frame and 
spheres and negative cylinders would be varied until maximum 
acuity was obtained with the Snellen chart. The data for 
statistical analysis were obtained from a total of 32 
patients. Some of the eyes (37) were evaluated under 
cycloplegia (homatropine) and others (52) without. Of the 52 
eyes, 28 had been examined previously under cycloplegia and 
were included as part of the group of 37. The ages ranged 
from 11 to 77 years. Only the spherical components of the 
corrections were used in the analysis and this is one of the 
limitations of the study. The differences between the means 
and the standard deviations obtained by the two methods were 
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highly significant with the exception of the homatropine 
sphere. In the non-cycloplegic series of eyes the results 
showed the refractometer to be much less accurate than the 
retinoscope. The mean error (-0.61 D) and the standard 
deviation (0.86 D) for the refractometer-determined spheres 
indicated that some of the subjects had been accommodating. 
Further evidence that subjects might have been accommodating 
was the smaller mean error (0.36 D), and standard deviation 
(0.47 D) that were obtained with the refractometer in the 
homatropinized series of eyes. The authors concluded the 
refractometer to be a more difficult and less accurate 
instrument to use in comparison with the retinoscope. 
Cycloplegia increased the accuracy of the refractometer and 
tended to decrease the accuracy of retinoscopy. On average 
the retinoscope measured an eye to be more hyperopic or less 
myopic than with subjective refraction, whereas the 
refractometer measured an eye as being more myopic than was 
the case with subjective refraction. 
Hobbs, Robert and Schimek (1956) evaluated the performance 
and accuracy of the Rodenstock Refractometer on 242 patients 
(479 eyes) by comparing the Rodenstock determinations with 
customary manifest and cycloplegic refractions. All of the 
Rodenstock Refractometer determinations were made without 
cycloplegia and were made by a trained technician 
independently and in advance of other methods of refraction. 
The final manifest refraction in each case was determined by 
non-cycloplegic subjective trial with sphere and cross 
cylinder (usually starting with the non-cycloplegic 
retinoscopy as an initial estimate). The value that was taken 
for the final cycloplegic refraction was that of cycloplegic 
retinoscopy modified by cycloplegic subjective methods 
(subjective trial with sphere and cross cylinder). 
Comparisons were made between the Rodenstock determination and 
the final noncycloplegic refraction and between the Rodenstock 
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determination and the final cycloplegic refraction. Their 
results showed that the non-cycloplegic Rodenstock reading 
usually closely approximated the manifest and cycloplegic 
refractions, and tended to show less error due to 
accommodation than the average manifest refraction. The 
authors also found that the Rodenstock Refractometer appeared 
equally accurate for all of the various age groups of patients 
old enough to co-operate. The authors also occasionally found 
large errors of deviation from the subjective findings. In 
evaluating the results the authors treated the dioptric power 
as three separable distinct entities and also resorted to 
spherical equivalents. However, the average spherical error 
was found to be 0.48 D, the average cylindrical error 0.31 D, 
and the average axis error 100  in the case of cycloplegic 
refraction. In the case of the Rodenstock determinations 
versus the manifest refraction the average error was found to 
be slightly less (sphere 0.45 D, cylinder 0.25 D and axis 
error 9°). Also, the Rodenstock and the cycloplegic 
determinations was found to agree more closely than the 
manifest and the cycloplegic determinations in 'regard to their 
spherical equivalents. The authors also concluded the type of 
refractive error does not affect the accuracy of a Rodenstock 
determination. 
In a clinical study Hyams, Safir and Philpot (1971) 
determined the bias and accuracy of retinoscopic examinations. 
Ten subjects were examined by five ophthalmologists on two 
separate occasions. Retinoscopic measurements of sphere, 
cylinder and axis were compared to measurements made by 
subjective techniques. There were significant differences in 
accuracy among the five ophthalmologists. Cylinder power was 
measured more accurately than sphere power, but there were no 
significant differences for either quantity between left and 
right eyes. The author's results showed that retinoscopy 
underestimated myopia and overestimated hyperopia. In only 29 
occasions out of 200 did the ophthalmologists arrive at a 
retinoscopic result that was on the myopic side of the 
patient's subjective choice. However, despite the good 
results obtained the sample size was small, the type of 
ametropia and age group represented was limited, and the 
authors also treated the dioptric power as three separate 
entities. 
Koetting, Akerman and Koetting (1983) evaluated the 
Biotronics Cavitron Autorefractor 7 with hard contact lens, 
soft contact lens and non-contact lens wearing patients. 
Comparisons involved only the subjective feature of the 
instrument. In this study of 450 eyes, 150 wore hard contact 
lenses, 150 soft contact lenses and 150 habitually wore a 
spectacle correction. Subjects were evaluated with the 
Autorefractor 7 followed by a subjective refraction using a 
phoropter and conventional techniques. In order to evaluate 
the results obtained the Autorefractor 7 and the conventional 
phoropter subjective findings were reduced to a spherical lens 
power. No attempt was made to consider variables such as the 
age of the patient or the nature of the ametropia. Results 
showed no great apparent difference between each of the three 
groups tested. The subjective refraction obtainable with the 
Autorefractor 7 tended to produce data shifted by about -0.5 D 
in the direction of less hyperopia or more myopia than 
clinical data obtained by use of the phoroper. Negative 
cylinder findings were also shifted towards over-correction by 
the Autorefractor 7 but by a lesser amount. The authors 
concluded that their results suggested that autorefraction has 
a reasonable degree of accuracy as an entry point prior to 
subjective refraction or for screening examinations. 
The Canon Autoref R-1 and the Dioptron 11 automated 
objective refractors were evaluated and compared with static 
distance retinoscopy by Berman, Nelson, and Caden (1983). 
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They found comparable results with all three techniques. This 
study did not evaluate subjects with their ages being taken 
into consideration. As observed with previous studies this 
can have considerable influence in work involving the 
refractive system of human beings. Also since this was a 
practice based study it is possible that the sample 
distribution might not be normally distributed with regard to 
age. The level of accuracy also was lowered by the sample 
size and the few readings which were taken per eye. 
In 1984 Perrigin et al., (1984), evaluated patients with a 
Dioptron Nova Diagnostic eye computer. Clinical refraction 
was done before Dioptron Nova refraction. The mean Dioptric 
Nova findings were found to be more myopic than clinical 
findings for both nearest equivalent sphere power and 
spherical power, while cylinder axis findings for the two 
methods compared favourably for cylinders of -1.25 D or more. 
Perrigin et al., suggested that the results probably occurred 
because patients have a tendency to over-accommodate when 
looking into an optical instrument as opposed tb viewing a 
chart in an open space, also some patients routinely 
accommodate more during a monocular refraction than during a 
subjective refraction using a binocular endpoint. Perrigin 
et al., concluded that the instrument is capable as serving as 
a substitute for retinoscopy. The limitations in this study 
are that patients were lumped together with no regard to age, 
right and left eyes also were not separated and as is the case 
with many of the other studies the components of refractive 
error were treated as three separate entities. 
A study by Wesner and Young of the comparison of 
subjective lens preference to objective refractive error 
measurement in pigtail macaques was performed in 1986. This 
study determined the subjective refractive error by placing 
lenses of different powers in front of peepholes in a solid 
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wall cage and recording the amount of time each monkey used 
the holes. To avoid any potential experimenter bias, the 
refractive errors of the monkeys were not known before 
subjective,measurements. Also, all the retinoscopic 
measurements were made after the subjective measurements were 
completed. Cycloplegic retinoscopy was performed whereas 
subjective measurements was performed without cycloplegia in 
all the monkeys. Four of the eight monkeys selected lenses 
slightly more negative than indicated by their retinoscopy and 
as previously mentioned this tendency occurs with human 
subjects as well. The results showed a high correlation 
between the subjective measurements and objective retinoscopy 
measurements. The sample size in thiS study was small and 
consisted mainly of myopic eyes. The authors also resorted to 
transforming measurements to nearest equivalent sphere powers 
in the evaluation of their results. 
Wesemann and Rassow (1987) determined the performances of 
seven automatic infrared (IR) eye refractors. Measurements 
were conducted on a model eye as well as on normal subjects 
(20-68 years) under standardized conditions. The different 
autorefractors used in this study were the Canon R-10, Hoya 
AR530, Humphrey HA R520, Humphrey HAR 530, Marco/Nidek 
AR-1600, Nikon NR-7000 and the Topcon RM-A6000. Subjective 
refractions were performed by the two authors, who were 
unaware of the autorefractor outcomes. All instruments showed 
a very high reproducibility on the model eye. Repeated 
measurements at a given displacement of the model retina did 
not differ by more then 0.25 D with respect to each 
instrument. In the case with normal ametropic subjects 
results showed the nearest equivalent spherical powers 
differed by less than 0.51 D in more than 80% of all cases on 
all instruments. The error of the cylinder power was smaller 
than 0.51 D in more than 90% of all cases. They further found 
that slightly more myopic values were observed for the younger 
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as compared to the older eyes. Concerning subjects with 
impaired vision 40 aphakic eyes, 107 eyes with intraocular 
lenses and 140 cataract eyes were evaluated. The 
comparability of these results was not as good as was the case 
with normal subjects. Larger errors were found on patients 
with intraocular lenses, aphakic eyes or eye media producing 
scattering of light. In each of these groups the automatic 
refraction was at times either impossible or yielded a wrong 
result. 
A Canon R10 autorefractor was used in assessment of 260 
children in a day care centre and an elementary school by 
Woodruff (1988). In this study retinascopy was used as the 
standard of comparison as it can be difficult to perform 
subjective refraction in this age group. The Canon R10 
findings were consistently more hyperopic than retinoscopy 
regardless of the type of refractive error. Nonetheless the 
study showed a good correlation between the retinoscopic and 
the Canon R10 autorefraction for these young individuals. The 
correlation in both spherical and cylindrical pbwer was better 
for older than for younger children. In a separate program in 
Jamaica during this same period a Canon R10 also was employed 
in the assessment of 179 persons ranging in age from 6 to over 
70 years of age. The correlation (r=0.894) for spherical 
power when autorefraction was compared to subjective 
refraction was found to be high. The study showed that 
autorefractor findings when compared to subjective findings 
for the same eye were more likely to be different for those 
persons who are hyperopic than for those who are myopic, and 
the differences are larger among the hyperopes. Large 
differences up to 2 D between autorefraction and the 
prescribed cylinder power were found for a number of 
individuals. 
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Elliot and Wilkes (1989(a) and (b)) compared the accuracy 
of the Topcon RM 6000 autorefractor to retinoscopy and 
subjective refraction in different age groups. Their study 
showed that the validity of this particular autorefractor 
differed depending on the age of the patient. The 
autorefractor gave significantly more myopic results compared 
to subjective findings in subjects less than 40 years of age. 
In some cases this difference could be greater than 1 D. For 
patients older than 30 years closer results with the two 
methods were obtained. This was directly opposite to 
retinoscopy which showed a hyperopic shift in the youngsters. 
They also found that use of retinoscopy could provide results 
of refraction from some eyes with media opacities or small 
pupils whereas the Topcon RM 6000 autorefractor could not. 
For patients over 40 years of age the authors found 
retinoscopy, subjective refraction and autorefraction findings 
to be fairly similar. Although all readings in this study 
were taken by trained staff, repeated measurements were not 
necessarily taken by the same operator. The authors concluded 
that the Topcon RM 6000 was as accurate as retihoscopy in 
subjects over 40 years of age. However the sample in this 
study was small, few readings per eye were taken in the case 
of autorefraction and nearest equivalent spherical powers were 
the basis of the analysis of results. Another drawback in 
this study was that in the statistical analyses of the 
cylinder results, any 0.25 D cylinder powers were not used, 
because they were felt to be clinically insignificant. 
Tunnacliffe and Lomas (1989) evaluated 465 subjects in an 
optometric practice using subjective refraction and a Nikon 
NR-5000 autorefractor. This instrument utilises retinoscopic 
principles in that the Nikon NR-5000 measures the refractive 
state of the eye with an infrared streak image. In the 
evaluation of the results only nearest equivalent spheres were 
used. The authors further rounded findings to 0.25 D when 
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evaluating the results and this is a further limitation of the 
study. In only 381 subjects ages were recorded as this was 
thought of only later during the study. The results showed 
myopic errors between subjective refraction and autorefraction 
in the majority of eyes examined, and relatively few hyperopic 
errors were observed in those under 51 years of age. Also a 
larger percentage of more myopic errors occurred in the 
younger groups. The conclusion reached in this study was that 
prescribing from autorefraction alone was not viable. 
Villada, Raj, Lewis, Joyce and Watson (1992) compared the 
Allergan Humphrey 570 and Canon RK-1 autorefractors. Their 
sample consisted of 50 patients with posterior chamber 
intraocular lenses and best corrected visual acuities of at 
least 0.1 in decimal notation. The age group of subjects in 
this study ranged from 62 to 89 years. The difference in 
accuracy as compared with conventional clinical refraction for 
both autorefractors in this age group was statistically 
significant. Their results however are prone to error because 
subjective refraction in this age group can be Significantly 
biased and prone to error; their retinal sensitivity is 
reduced, and also their subjective responses are likely not to 
be as reliable as for younger individuals. Raj, Villada, 
Lewis, Joyce and Watson (1992) also performed a comparative 
evaluation of the Allergan Humphrey 570 and Canon RK-1 
autorefractors in 50 normal subjects. Subjects aged from 19 
to 64 years were studied. All the clinical refractions were 
carried out by the same examiner without the use of either 
mydriatics or cycloplegics. Streak retinoscopy was first 
carried out followed by subjective verification to achieve the 
best possible visual acuity. The first 25 subjects underwent 
objective autorefraction with the AH 570 by the second author 
and with the Canon RK-1 by the third author. The roles of 
these examiners were reversed for the last 25 subjects. The 
three examiners were not aware of the results obtained by one 
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another. The results showed that both autorefractors produced 
some degree of instrument-induced erroneous myopia which the 
authors suggested probably might be from inadequacy of their 
autofogging mechanisms. In aproximately 40 eyes both the 
autorefractors detected a small cylinder which was not found 
with conventional refraction. Thus, the authors concluded 
that subjective verification is essential before final 
prescription of spectacles. The sample size in this study 
however was small, age was not accounted for, and proper 
methodology for dealing with dioptric power was not used. 
McCaghrey and Matthews (1993) evaluated a range of 
autorefractors. Nine different autorefractors were evaluated 
for reliability and validity in a practice based study. This 
study was restricted to a comparison of objective 
autorefraction findings to subjective refraction only and was 
not intended to relate the accuracy of the autorefractors to 
that of retinoscopy nor to compare the relative merits of the 
methods of measurement as used in the various autorefractors. 
One of the limitations in this study, as stated' by the 
researchers themselves, is that the constituent components of 
the refraction (sphere, cylinder and cylinder axis) are 
treated as separate and unconnected parts. Also, only three 
readings for each eye were taken although where there appeared 
to be a large discrepancy between the individually displayed 
readings up to five measurements were obtained for the eye 
before printing out results. For each subject the right eye 
was evaluated first followed by the left eye. All machines 
except for the Nikon NR 5000 were used on 0.25 D steps for 
cylinder and sphere power. For clinical purposes this level 
of accuracy is fairly acceptable but for research purposes it 
may lead to incorrect conclusions being made. Their results 
showed that with most refractive errors almost all the 
different autorefractors produced results which were very 
close to the error measured by subjective refraction. They 
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also state that useful results sometimes can be obtained even 
in young children (but also that often young people in their 
teens and twenties tend to produce results that are markedly 
more myopic). However, their sample size was small and since 
this also was a practice-based study the sample probably 
consisted mostly of older patients, with possibly less 
instability of accommodation. 
Solomons (1993) carried out an in-practice trial on 
different autorefractors, that is, the Nikon NR 5100, the Hoya 
HRK-1000, the Humphrey 590, the Canon R-22 and the Topcon RMA 
3000. He evaluated their accuracy and precision. He 
concluded that the level of accuracy that can be expected from 
these autorefractors was very good. He further stated that 
the errors are within the range of variation that can be 
expected between different refractionists. He resolved the 
dioptric power into horizontal and vertical effective powers 
in order to evaluate his results and this approach again is 
less satisfactory (see Section 2.7 for discussion) than the 
multivariate methods to be used in this dissertation. The 
author does not provide us with the sample size nor with the 
information as to whether or not his subjects were divided 
into different age groups. 
Malan (1994) of the Optometric Science Research Group at 
Rand Afrikaans University studied the difference between 
automatic and subjective clinical refraction using new 
multivariate statistical and computational techniques. He 
evaluated data from two different samples; a clinical sample 
that consisted mainly of older patients and a sample of school 
children who were refracted in a screening program. An 
Allergan-Humphrey model 585 autorefractor was used to evaluate 
the school chidren and eight different autorefractors were 
used to evaluate the clinical sample. Malan further 
highlighted some limitations in the analysis; age was not 
35 
accounted for, right and left eyes were lumped together, and 
subjective readings could have been influenced by 
autorefractive measurements. He found that on average there 
was no clinically significant difference (or excess) between 
automatic and clinical refraction in the study that consisted 
mainly of older patients. There was, however, a fairly large 
variation in the individual excesses of subjective refraction 
over autorefraction in the school children. He found 
autorefractor measurements in comparison with subjective 
refraction were shifted more in a myopic direction which he 
suggests might be from instrument accommodation. 
In a study by Rosenfield and Chiu (1995) the repeatability 
of subjective and objective refraction (Canon Autoref R-1) 
were compared. Refractive error was measured in 12 subjects 
on five separate occasions. Conventional subjective 
procedures were used with the exception that the sphere power 
scale on the phoropter was covered so that the examiner was 
unaware of the final results. Their results showed that 
subjective refraction and an infrared autorefraction have 
similar degrees of repeatability with 95% limits of agreement 
of approximately 0.3 D. Thus the researchers concluded that 
with either assessment technique a change in refractive error 
of at least 0.5 D should be adopted as the minimum significant 
shift in refractive status. However, the sample size was 
small and no information was provided regarding subject's 
ages. 
Strang, Winn, Gray and Pugh (1996) investigated the 
accuracy of six automated infrared autorefractors to determine 
whether spectacles could be prescribed on the basis of 
autorefraction alone. 262 subjects in the age range 7-92 
years underwent a complete eye examination and had 
autorefraction measured with each of the six autorefractors. 
A subsample of 47 subjects were randomly allocated spectacles 
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using either the subjective refraction or an autorefractor 
prescription in a double blind protocol. Subjects wore each 
prescription for two weeks and completed an oral questionnare 
following each session. Subjects preferred the subjective 
refraction in 51% of cases and 21% of subjects were unable to 
adapt to wearing autorefractor results. All the 
autorefractors showed a similar level of accuracy. Also the 
autorefractors's performances were not significantly affected 
by age or refractive error. However, the authors found the 
95% confidence limits of the different autorefractors too 
large to allow spectacles to be prescribed directly from their 
results. 
Kinge, Midelfart and Jacobsen (1996) evaluated the 
Allergan Humphrey 500 and the Nidek AR-1000 autorefractors. 
The aim of the study firstly was to estimate the agreement 
between the refractive error measured with either Humphrey or 
Nidek autorefractors and standard subjective refraction 
techniques and secondly to evaluate the clinical implications 
of relying on the autorefractor measurements. 'Subjective 
refraction was carried out under cycloplegia on 448 eyes and 
compared with cycloplegic readings with the Allergan Humphrey 
500 autorefractor (448 eyes) and Nidek AR-1000 autorefractor 
(160 eyes). Each refraction was followed by clinical visual 
acuity measurement. The subjects (19-27 years old) were 
chosen randomly from an educational institution. The 
refractive values were converted to nearest equivalent spheres 
for analysis. Both the Nidek and Humphrey autorefractor 
measured more negative or less positive nearest equivalent 
spheres compared with subjective refraction and these 
differences were statistically significant. This effect was 
about twice as large for the Humphrey autorefractor than for 
the Nidek autorefractor. From results obtained the authors 
concluded autorefraction could be used as a complement to 
subjective refraction but not as a substitute for it. One of 
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the limitations of this study is that since the Humphrey 
autorefractor was used first its measurements would be more 
subject to influence by incomplete cycloplegia than subsequent 
measurements using the Nidek autorefractor or subjective 
refraction. Thus the possibility of instrument myopia or 
latent hyperopia would be most pronounced in measurements made 
using the Humphrey autorefractor. The age range applicable in 
this study also limits the extent to which the results 
obtained can be applied to the general population. 
Joubert and Harris (1997) studied the excess of 
autorefraction over subjective refraction. Unlike in this 
dissertation no binocular balancing procedure was done in the 
subjective refraction. Five age groups of fifty subjects each 
were evaluated using recently developed statistical and 
computational methods of analysing dioptric power. Their 
results indicate a statistically significant mean 
autorefractive excess and also that the mean excess is 
different for different age groups. They found the mean 
autorefractor excess to be greater for the younkger age groups 
than for the older age groups. The behaviour of the right and 
the left eyes were found to be essentially the same. The 
greatest variation of autorefractiva excess appeared to be 
approximately in the spherical direction in symmetric dioptric 
power space and appeared to be less for the older age groups 
than the younger age groups. However they highlighted that 
subjects in their Group 1 consisting of children between one 
and ten years were somewhat more selected than subjects in the 
other groups since some of the children had to be rejected 
because of an inability to complete the visual examination 
successfully. There are various differences between their 
study and my own as reported upon in this dissertation. For 
example, in their study all early and late presbyopes were 
lumped together and three autorefractor measurements were 
taken on each eye and then averaged whereas in my study early 
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and late presbyopes are considered separately and ten 
autorefractor measurements per eye were averaged to determine 
a mean autorefraction per eye. The sample in their study 
consisted of patients from different races found in South 
Africa whereas mine consisted of black South Africans alone. 
They also used a different autorefractor (Allergan-Humphrey 
580) to the one I used and their autorefractor rounds readings 
to 0.25 D instead of 0.01 D as is the case for the instrument 
I used. 
Summary of important findings: 
Almost all of the studies previously done (except for those of 
Malan (1994) and Joubert and Harris (1997)) where subjective 
refraction, autorefraction and retinoscopy are compared suffer 
from various limitations including: 
Inappropriate methods of analysis of data collected. 
Small sample sizes. 
Lack of attention to laterality as regards the eyes of 
subjects. Often measurements for the right and left eyes are 
grouped together for analysis and this may not be appropriate. 
Lack of attention to issues of departure from 
normality. 
Age of subjects was unaccounted for in many studies. 
Consequently the findings of many of these studies should be 
considered with caution. However, in general, they suggest 
the following: 
On average autorefraction is shifted towards myopia 
when compared with subjective refraction. 
On average retinoscopy is shifted towards hyperopia 
when compared with subjective refraction. 
Excesses or differences (for example, when comparing 
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autorefraction to subjective refraction) appear greater in 
younger subjects. 
Instrument myopia in autorefractors remains a 
significant issue. 
The results with different autorefractors are fairly 
comparable especially in older subjects. The same applies 
when comparing results from autorefraction to either 
subjective refraction or retinoscopy in older subjects. 
Results obtained with autorefraction and retinoscopy, 
or with autorefraction and subjective refraction, or with 
retinoscopy and subjective refraction are fairly similar 
especially in the absence of complicating factors such as 
cataracts, aphakia, small or very large pupils or very young 
subjects. 
Most of the applicable studies suggest that more 
research is necessary before autorefraction should be used in 
isolation for prescribing compensating lenses or prior to 
refractive surgery. Subjective refraction remains necessary 
in these instances. 
This dissertation attempts to address some of the 
limitations of previous work and to expand our understanding 
of some of the above-mentioned findings. 
3. METHODS  
This study was performed during approximately a seven 
months period within a private practice in an urban area 
(Rustenburg) in South Africa. Rustenburg is a smaller urban 
city with a population of about 1.5 million. It is in a 
region where winters are mild and summers hot and dry. 
A total of 240 female and male black patients were chosen 
randomly from a total of about 2800 patients who came to have 
their eyes examined. For the purpose of the statistical 
analysis these subjects were further divided into smaller 
subgroups according to their ages (Table 1). Ages ranged from 
6 years to 78 years. Ages have been rounded downwards, for 
example, a person of 15 years and 11 months would be placed in 
Group 1. 
Table 1: Subject subgroups according to age. 
Group 	 Number 	 Ages 
number 	 of subjects 
1 40 6 to 15 years 
2 40 16 to 25 years 
3 40 26 to 35 years 
4 40 36 to 45 years 
5 40 46 to 55 years 
6 40 56 years and over 
Most subjects were well-educated, and the younger ones 
were in preschools or schools. All procedures were done in 
the same consulting room and in exactly the same order. 
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Namely; history, ophthalmoscopy, visual acuity (aided and 
unaided), retinoscopy, subjective refraction and 
autorefraction. An attempt was made to insure that 
instructions given in this study were as similar as 
practically possible for all subjects and deliberately neutral 
and non-specific where necessary to avoid biasing subjects in 
any manner. Similar approaches was used with the different 
test methods, particularly retinoscopy, subjective refraction 
and autorefraction. It, however, can be expected that many 
factors including the nature of the instructions given, the 
type of targets used in different procedures, the subject's 
intelligence and interest all influenced the results obtained. 
Some environmental, examiner and subject variables could not 
be controlled including time of the examination during the 
day, day of the month of the examination, and changes in 
humidity and temperature in the consulting room. 
a) Retinoscopy 
A Neitz halogen streak retinoscope was used with all 
subjects. A 20/400 Snellen letter was used in a dimly lit 
room as a distance fixation target (placed at 6 meters from 
the subject). The working distance was maintained for all 
subjets by working at arm's length, that is, at 40 cm. An 
attempt was made to work as close as possible along the visual 
axis. All subjects were reminded to keep their gaze on the 
test target at all times. The right eye was evaluated firstly 
in all subjects. Following retinoscopy on the left eye the 
right eye was re-evaluated for a second time. This approach 
was used to avoid possible errors due to any uncompensated 
hyperopia and possible accommodation that may have occurred 
during neutralization. Visual acuities were taken with 
retinoscopic results. 
b) Subjective refraction 
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The starting point for subjective refraction was the 
retinoscopic finding. The spherical component was evaluated 
and adjusted first in ;all subjects in accordance with visual 
acuities and responses from the subject to changes in lens 
power before the eye. However since the determination of this 
acuity is made by the subject, and since the concept of the 
"sharpest" vision may be influenced by factors other than the 
elements involved in a focus of the smallest perceivable image 
of the target upon the retina, the subjective finding reflects 
more than purely the refractive status of the eye alone. The 
subject's intelligence, interpretation, past experience, 
inability to discriminate small differences and other 
non-refractive influences, may disturb the proximity of the 
measured finding to the refractive status actually existing. 
The cylinder power and axis obtained by retinoscopy was 
refined by the Jackson cross-cylinder method. To exclude the 
possibility of cylindrical correction being missed during 
retinoscopy, the cross cylinder was also used in 4 meridians. 
A duochrome test along with visual acuities were used with all 
subjects to help determine the final subjective results. 
Following each eye being evaluated for the proper spherical 
and cylindrical correction, positive spherical lenses were 
added and the eyes were balanced binocularly as is usual 
clinical practice. 
c) Autorefraction 
A Canon Auto REF R-30 autorefractor was used to evaluate 
all subjects. The instrument was allowed to warm up for a 
period of roughly 20 minutes before being used to evaluate the 
human eye. This instrument has the advantage that it can be 
adjusted to round measurements to 0.01 D. Other instruments 
may only round measurements to 0.125 or 0.25 D. The stimulus 
target used in this instrument consists of a yellow house with 
43 
a red roof against a green background. The subject was 
instructed to observe the top of the roof continuously and to 
keep both eyes open. A coin was tossed for each patient to 
determine randomly the eye to be evaluated first and then ten 
successive measurements were obtained for each eye. No 
detailed instructions were given concerning blinking or 
whether the subject should attempt to keep the target clear 
and single. The ten measurements per eye were averaged and 
this result for the right or left eye respectively was then 
regarded as the autorefractor measurement for the applicable 
eye. 
d) General aspects 
All instruments used during retinoscopy, autorefraction 
and subjective refraction'were used according to the 
manufacturer's instructions. 
A questionnaire (see Appendix A) was given to patients to 
complete at the end of the experimental procedures. The 
purpose of the questionnaire mainly was to obtain basic 
information concerning the subject such as their general 
health, usage of any medications, eye and hand dominance, and 
amount of near-oriented activity prior to measurements. Their 
emotional stability also was considered when case history and 
the chief complaint or reason for the visual examination were 
being determined. 
The purpose of the questionnaire was to obtain data that 
could help to explain various results of the research to be 
performed. Also it has potential usefulness for future papers 
or research activities based upon the measurements obtained in 
this study. 
e) Statistical issues 
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Multivariate statistical and mathematical approaches (see 
Section 2) are used in the analysis of the data obtained for 
the model eye (see Section 4.1), retinoscopy, subjective 
refraction, and autorefraction (Sections 4.2.1, 4.2.2 and 4.3.1 
respectively). These three refractive methods were performed 
on subjects of different ages and results obtained then were 
compared in different age groups (Sections 4.2, 4.3 and 4.4) 
with particular emphasis on the use of stereo-pair scatter 
plots (see Section 2.2 for the applicable theoretical 
background). In addition other qualitative and quantitative 
methods also are applied, namely, meridional profiles 
(described in Section 2.4) and confidence ellipsoids 
(described in Section 2.6). The differences or excesses for 
the different methods (autorefraction, subjective refraction 
and retinoscopy) are examined in Sections 4.2, 4.3 and 4.4. 
The strengths of the excesses are also examined in these 
sections. The issues of departure from multivariate normality 
and transformations to reduce such departure also are 
addressed briefly (Section 4.5). The results for right and 
left eyes are analysed separately throughout Sections 4.2 to 
4.5. 
4. RESULTS  
4.1 Autorefraction on an artificial or model eye 
The purpose of this initial investigation with a model eye 
was to form an idea of the (diurnal) variability of 
autorefraction and also to get some indication of the validity 
and reliability of autorefraction in the absence of the human 
eye. This is of obvious importance in any study using 
autorefraction since if the instrument is very variable when 
using it on an artificial eye then this would need naturally 
to be taken into consideration when examining results on human 
eyes. 
4.1.1 Method and results 
The same autorefractor (Canon Auto REF R-30) as used 
during this dissertation to investigate experimental subjects 
(Sections 4.2 to 4.5) also was studied by means of taking five 
sets of measurements on a model eye during the course of a 
single day. The autorefractor was turned on at 09h00 and 
adjusted to round readings to 0.01 D. Immediately after this 
adjustment, 50 readings were taken on an artificial (model) 
eye with a refractive error of -5 D sphere according to its 
manufacturer. After every 10 autorefractor measurements 
results were printed. (A similar approach was used with 
subjects although only a single set of 10 measurements per eye 
per subject was obtained). The autorefractor remained on for 
the duration of the day and this same approach was used when 
working with human subjects. The artificial eye also remained 
in the same location for the study duration. The same 
procedure was followed in taking other sets of measurements at 
11h00, 13h00, 15h00 and 17h00. Table 2 represents the results 
obtained at 09h00 on the model eye. 
45 
Table 2: 50 measurements obtained on a model eye with a Canon 
Auto REF R-30 autorefractor at 09h00. Measurements are given 
in conventional and h-notation. According to the manufacturer 
of the model eye it has a refractive error of -5 D. 
sphere cyl axis h2 h 3 
-5.21 -0.23 151 -5.2641 -0.1379 -5.3859 
-5.21 -0.23 149 -5.2710 -0.1436 -5.3790 
-5.22 -0.22 153 -5.2653 -0.1259 -5.3947 
-5.22 -0.23 153 -5.2674 -0.1316 -5.4026 
-5.21 -0.22 154 -5.2523 -0.1226 -5.3877 
-5.23 -0.22 151 -5.2817 -0.1319 -5.3983 
-5.23 -0.20 151 -5.2770 -0.1199 -5.3830 
-5.22 -0.22 148 -5.2818 -0.1398 -5.3782 
-5.21 -0.22 152 -5.2585 -0.1290 -5.3815 
-5.23 -0.22 151 -5.2817 -0.1319 -5.3983 
-5.19 -0.29 8 -5.1956 0.0565 -5.4744 
-5.19 -0.29 8 -5.1956 0.0565 -5.4744 
-5.20 -0.30 8 -5.2058 0.0585 -5.4942 
-5.19 -0.30 8 -5:1958 0.0585 -5.4842 
-5.20 -0.28 6 -5.2031 0.0412 -5.4769 
-5.21 -0.29 7 -5.2143 0.0496 -5.4957 
-5.20 -0.29 8 -5.2056 0.0565 -5.4844 
-5.18 -0.31 6 -5.1834 0.0456 -5.4866 
-5.21 -0.29 9 -5.2171 0.0634 -5.4929 
-5.19 -0.30 7 -5.1945 0.0513 -5.4855 
-5.19 -0.15 163 -5.2028 -0.0593 -5.3272 
-5.25 -0.09 163 -5.2577 -0.0356 -5.3323 
-5.17 -0.19 2 -5.1702 0.0094 -5.3598 
-5.17 -0.19 178 -5.1702 -0.0094 -5.3598 
-5.17 -0.21 179 -5.1701 -0.0052 -5.3799 
-5.16 -0.21 179 -5.1601 -0.0052 -5.3699 
-5.16 -0.21 175 -5.1616 -0.0258 -5.3684 
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-5.17 -0.22 180 -5.1700 -0.0000 -5.3900 
-5.17 -0.20 176 -5.1710 -0.0197 -5.3690 
-5.18 -0.19 180 -5.1800 -0.0000 -5.3700 
-5.33 -0.23 110 -5.5331 -0.1045 -5.3569 
-5.33 -0.23 110 -5.5331 -0.1045 -5.3569 
-5.33 -0.12 115 -5.4286 -0.0650 -5.3514 
-5.30 -0.07 155 -5.3125 -0.0379 -5.3575 
-5.30 -0.07 160 -5.3082 -0.0318 -5.3618 
-5.30 -0.06 150 -5.3150 -0.0367 -5.3450 
-5.28 -0.10 148 -5.3081 -0.0636 -5.3519 
-5.30 -0.07 157 -5.3107 -0.0356 -5.3593 
-5.29 -0.09 153 -5.3085 -0.0515 -5.3615 
-5.29 -0.09 150 -5.3125 -0.0551 ' -5.3575 
-5.10 -0.31 176 -5.1015 -0.0305 -5.4085 
-5.23 -0.19 170 -5.2357 -0.0460 -5.4143 
-5.23 -0.22 174 -5.2324 -0.0323 -5.4476 
-5.25 -0.18 173 -5.2527 -0.0308 -5.4273 
-5.23 -0.22 172 -5.2343 -0.0429 -5.4457 
-5.22 -0.22 175 -5.2217 -0.0270 -5.4383 
-5.21 -0.21 172 -5.2141 -0.0409 -5.4159 
-5.24 -0.21 172 -5.2441 -0.0409 -5.4459 
-5.24 -0.19 172 -5.2437 -0.0370 -5.4263 
-5.25 -0.19 171 -5.2546 -0.0415 -5.4354 
In Figure 4.1 we see the scatter plots (a, b, c, d and e) 
for the different times of the day (09h00, 11h00, 13h00, 15h00 
and 17h00) when measurements were obtained. See Section 2.2 
for an explanation of the important landmarks or features of 
such stereo-pair scatter plots. 
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Figure 4.1 Stereo-pair scatter plots for the model eye for 
the different times of the day. a) 09h00 b) 11h00 c) 13h00 d) 
15h00 e) 17h00. The tick interval is 0.25 D and for each 
scatter plot the origin is at -5 D (the manufacturer's 
specification for the refractive state of the model eye). 
Sample distributions at different times of the day may be 
loosely or tightly clustered. Thus measurements taken at 
11h00 and 15h00 cluster closely around their respective means. 
The measurements are most widely clustered at 09h00 (soon 
after the instrument was switched on) and less so at 13h00 and 
17h00. However in all cases the variation in measurements is 
relatively small and this is typical of the behaviour of a 
consistent and accurate autorefractor on a model eye (Rubin, 
1994). 
In Figure 4.1c measurements cluster mainly along a line 
roughly parallel to the h l axis and a possible multimodal 
distribution along this line is seen, that is, there appear to 
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be three distinct groups or clusters of measurements. In 
Figure 4.1e a multimodal distribution also is suggested. Such 
multimodal distributions represent departures from 
multivariate normality. One also can observe from the scatter 
plots that the autorefractor measurements differ depending on 
the time of the day measurements are being taken. These 
differences are inherent in the autorefractor itself or arise 
from the person operating the autorefractor differently when 
obtaining measurements, for example, if the operator becomes 
fatigued and fails to focus as carefully on the model eye. 
They also might relate to the different temperatures of the 
instrument during the day or perhaps to the differing 
temperatures of the environment in which the autorefractor was 
placed. 
Table 3 indicates the means (using equation 13 in Section 
2.3.1) for measurements taken on the artificial eye at 
different times of the day. 
Table 3: Mean refractive state of the model eye in 
conventional and h-notation. The model eye has a refractive 
error of -5 D according to its manufacturer. 
sphere cyl axis h 1 
 
h2 
09h00 -5.24 -0.16 170 -5.2486 -0.0377 -5.4046 
11h00 -5.03 -0.23 176 -5.0369 -0.0246 -5.2663 
13h00 -5.08 -0.18 171 -5.0844 -0.0400 -5.2584 
15h00 -5.06 -0.20 177 -5.0610 -0.0140 -5.2574 
17h00 -5.09 -0.16 178 -5.0871 -0.0089 -5.2523 
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The respective means for measurements taken at 11h00, 
13h00, 15h00 and 17h00 are similar but the nearest equivalent 
sphere of the mean for 09h00 taken immediately following the 
autorefractor being switched on is nearly a quarter dioptre 
smaller (or more negative) when compared with the nearest 
equivalent spheres of the means for measurements taken later 
during the day. The implication seems to be that it may be 
advisable to allow the machine to warm up for a period of time 
before use. 
Table 4: Variance-covariance matrices of the model eye. Units 
are D 2 for all entries. 
09h00 0.00669 0.00263 -0.00159 
0.00263 0.00393 -0.00188 
-0.00159 -0.00188 0.00248 
11h00 0.00065 -0.00023 0.00031 
-0.00023 0.00027 -0.00024 
0.00031 -0.00024 0.00049 
13h00 0.01187 0.00129 -0.00075 
0.00129 0.00027 -0.00008 
-0.00075 -0.00008 0.00025 
15h00 0.00067 -0.00019 0.00025 
-0.00019 0.00043 -0.00013 
0.00025 -0.00013 0.00036 
17h00 0.00418 0.00090 -0.00074 
0.00090 0.00122 -0.00026 
-0.00074 -0.00026 0.00037 
51 
Table 4 shows the variance-covariance matrices (see 
Section 2.3.2 for the equation used in these calculations) for 
the five different occasions. 
The entries in the variance-covariance matrices for the 
different times of the day are generally of a small magnitude 
(especially at 11h00 and 15h00) and are smaller than what is 
typical of a human eye as determined in previous studies 
(Rubin, 1994 and Rubin and Harris, 1997). 
Generally the top-left entry in each individual 
variance-covariance matrix is the largest for that matrix and 
this suggests that curvital power mainly is changing in the 
reference meridian, in this case, the horizontal meridian. 
However, to get a more complete idea of the variances and 
covariances meridional profiles of variance-covariance of 
dioptric power (see Section 2.4.3) for the day are indicated 
in Figure 4.2. The lesser variability at 11h00 and 15h00 is 
obvious (the six profiles are closer to 0 D 2 across all the 
meridians when compared to the location of profiles for 
measurements taken at other times of the day). The meridian 
of maximum variation for the artificial eye is indicated by 
the maximum of the profile 	 This maximum is at about 20 ° 
at 09h00, 143° at 11h00, 8 ° at 13h00, 145 ° at 15h00 and 10° at 
17h00. (Profiles not included here were drawn at a different 
scale in order to establish the maxima for 11h00 and 15h00). 
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Figure 4.2 Meridional profiles of variance-covariance of 
dioptric power for the model eye for different times of the 
day. a) 09h00 b) 11h00 c) 13h00 d). 15h00 e) 17h00. 
Meridional profiles of dioptric power (see Section 2.4.1) 
also were drawn for the five sets of measurements to further 
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evaluate this particular autorefractor and to help detect 
outliers or incorrectly entered measurements. Very obvious 
outliers do not appear to be present in any of the five 
samples although at 09h00 two or three lines in Figure 4.3a 
appear somewhat distinct or separated from the rest. However, 
grouping of profiles is obvious in Figures 4.3a, c and e. 
This suggests the possible multimodal nature of the 
measurements (and the reader should examine the corresponding 
scatter plots). At 09h00 we have a possible polymodal type of 
distribution. At 13h00 and 17h00 we possibly have trimodal 
distributions. At 11h00 and 15h00 we have the unimodal 
pattern which we would expect to be more typical of 
autorefraction on an artificial eye. 	 small amount of 
astigmatism is suggested; most profiles for h l and h 3 are not 
flat. As could be expected the model eye departs slightly 
from sphericity even though it is said to be -5 D according to 
its manufacturer. 
The profiles for the various different times of the day 
for components h 2 indicate that torsional power is not uniform 
across the meridians of the model eye. The reason for this 
finding may relate to the manner of refocusing by the 
experimenter during autorefraction of the model eye. 
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Figure 4.3 Meridional profiles of dioptric power for the 
model eye for different times of the day. a) 09h00 b) 11h00 
c) 13h00 d) 15h00 e) 17h00. 
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Meridional profiles of skewness, kurtosis and standardized 
mean deviation (see Section 2.4.2) are represented in Figure 
4.4. In the absence of departures from normality the profiles 
B 1 , B2 and A will coincide with the dotted lines at the 
ordinates 0, 3 and 0.7979. The greater the departure from 
normality the further the profiles will be found from the 
dotted lines. Platykurtosis is, for example, suggested for 
components h l , h 2 and h 3 at 13h00. Here the profile B2 is 
below the dotted line at 3. Leptokurtosis is present where 
this profile is found above the dotted line at 3. Profile B1 
refers to skewness and negative skewing is present if this 
profile moves below the dotted line (at 0) while positive 
skewing is present if it moves above the dotted line at 0. In 
instances where the profiles B 1 or B2 are fairly close to the 
dotted lines at 0 or 3 then significant departure from 
normality is not likely to be present. 
It must be noted that for all five sample distributions 
the profile for standardized mean deviation follows the 
expected value for normality quite closely. However, for this 
type of profile small differences from the expected value can 
be significant. The profiles for kurtosis and skewness for 
all sample distributions deviate more noticeably from expected 
values for multivariate normality over almost all meridians. 
The analysis of these profiles suggests departures from 
normality in each of the five samples obtained upon the model 
eye. In general removal of possible outliers or increasing 
sample size generally will reduce such departures from 
normality. Various types of graphs to be used in this 
dissertation are sensitive to outliers or other departures 
from multivariate normality and so this issue is important and 
will be discussed in more detail later in Section 4.5. 
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Figure 4.4 Meridional profiles of skewness, kurtosis and 
standardized mean deviation for the model eye at different 
times of the day. a) 09h00 b) 11h00 c) 13h00 d) 15h00 e) 
17h00. 
A hypothesis test of equality of variance-covariance for 
the model eye was performed (see Appendix E). It shows that 
the variance-covariance matrices for 09h00, 11h00, 13h00, 
15h00 and 17h00 are not equal. Likewise a hypothesis test of 
equality of the mean refractive state (also Appendix E) shows 
that the means for 09h00, 11h00, 13h00, 15h00 and 17h00 are 
not equal. These hypothesis tests are based upon certain 
assumptions namely the absence of departures from multivariate 
mormality and for the test of equality of means that the 
variance-covariance matrices are equal. Care thus should be 
taken in giving too much emphasis therefore to the hypothesis 
tests in this case. However, they do suggest that in using 
autorefraction that large numbers of measurements per sample 
are necessary and that interpretation of results should take 
careful account of the presence of departures from normality 
including outliers. 
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In Figure 4.5 confidence ellipsoids (see Section 2.6) also 
assist in evaluating the autorefractor. The origin of the 
stereo-pair scatter plots in Figure 4.5 is at -5 D (again the 
manufacturer's specification of the refractive error of the 
model eye). 
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Figure 4.5 95%(a) and 99%(b) confidence ellipsoids on the 
mean autorefraction for the model eye at different times of 
the day. In each figure the following labels are used to 
indicate the time of day. a) 09h00 b) 11h00 c) 13h00 d) 15h00 
e) 17h00. 
The centre or centroid of each ellipsoid is the mean of 
the 50 measurements obtained at that particular time of the 
day. The two most tightly clustered scatter plots (11h00 and 
15h00 on Figure 4.1) are represented by the smallest 
confidence ellipsoids, that is, labelled b and d on the 
graphs. The labels coincide with the relative positions of 
the ellipsoids. The largest confidence ellipsoid represents 
measurements for the 09h00 sample distribution. Removal of 
possible outliers in this sample will reduce the size of the 
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corresponding ellipsoid as shown in Figures 4.5a and b. The 
ellipsoid for measurements taken at 09h00 also is located away 
from the other ellipsoids (all the rest are clustered closer 
together)., Some of the 99% confidence ellipsoids appear to 
intersect, (that is, b, c, d and e) implying no significant 
difference in the means for the different samples. The 
smaller the size and corresponding volume of confidence 
ellipsoids, the more accurately we know the population mean 
for that particular sample distribution. We therefore know 
the population means for sample distributions b and d more 
accurately than for the other sample distributions. 
In the presence of outliers and other departures from 
multivariate normality care must be taken not to 
over-emphasize confidence ellipsoids; their shape and size are 
sensitive to such departures although this is less true for 
their centroids. Transformation of data to reduce departures 
from multivariate normality remains a relatively poorly 
understood field of study and this issue will be considered 
again in Section 4.5. 
Summary of findings 
The issues of accuracy, consistency and repeatability of 
different autorefractors are complicated and a great deal of 
further research with autorefractors on model eyes alone still 
remains to be done. However, I found differences in the 
behaviour of a Canon Auto REF R-30 on a model eye in the 
samples of measurements across the day. The mean for the 
sample at 09h00 was dissimilar from that found for the other 
samples at 11h00, 13h00, 15h00 and 17h00. In terms of nearest 
equivalent spheres, the mean refractive state of the sample at 
09h00 was about 0.2 D more myopic (see Table 3) than at the 
other times of the day. The instrument also appears to be 
more variable in its measurements at 09h00. We believe that 
60 
this change in mean and increased variability might relate to 
the temperature in the room in which the autorefractor was 
used or it might suggest changes within the instrument itself 
- perhaps relating to temperature within the instrument. This 
issue will need to be addressed more completely in later 
studies. However, the variability and changes in mean 
refractive error for the five different times of day were 
relatively insignificant and the instrument provides valid and 
reliable data when used upon a model eye. The variability 
shown in the five samples was less than that found previously 
to be typical of autorefraction on human eyes (Rubin, 1994) 
and other factors besides the instrument itself become 
important when performing autorefraction upon human eyes. 
Outliers and other departures from multivariate normality were 
present and should be considered especially when using such 
instruments to measure human eyes. Possible polymodality, is 
shown for some of the samples and perhaps is related to the 
manner in which focusing of the instrument was performed. 
When using autorefractors the operator should carefully 
refocus the instrument during each measurement after first 
starting from a completely defocussed position. 
Autorefractors probably should be switched on and left 
standing for a while before using them to obtain measurements 
on human eyes and where practical, and especially for research 
purposes, as many readings as possible per sample or per eye 
should be obtained. This helps to reduce the effects of 
isolated outliers or other problems relating to departure from 
normality. Confidence ellipsoids and other graphs and 
quantitative information concerning variance-covariance then 
can be used with greater adequacy. 
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4.2 Comparison of autorefraction and subjective refraction by 
age 
4.2.1 .Autorefraction for groups 1 to 6 
Stereo-pair scatter plots (see Section 2.2) of 
autorefraction for the right and left eyes for the six 
different age groups are represented in Appendix B1. Group 1 
are the youngest and Group 6 the oldest patients (see Table 1, 
page 40). On each scatter plot 40 eyes are represented and 
each asterisk is the average of 10 autorefractor measurements 
obtained for that particular eye. In each scatter plot the 
tick interval is 1 D and the origin is at 0 D (or the state of 
emmetropia). 
If one compares the scatter plots for the right and left 
eyes in, for example, Group 1, it can be observed that the 
spread or distribution of measurements is roughly the same. 
(Generally a similar finding also applies for the other 
groups.) This suggests that generally the state of ametropia 
observed for the right and left eyes of an individual is 
fairly similar. 
In each of the different scatter plots in Appendix B1 
points cluster around the respective sample mean (the average 
of the 40 right or left eyes in a particular group is 
indicated in conventional notation below the scatter plot). 
In most cases the sample mean is close to the origin of the 
plot and from the scatter plots one also can observe that most 
subjects have refractive errors near emmetropia. There are, 
however, some eyes that have refractive errors far from 
emmetropia and asterisks are positioned far from the origin. 
For Groups 1 and 2 most of eyes exhibit little astigmatism, 
that is, the asterisks are found mostly near the line or axis 
of spheres (the line without ticks seen on the plot). In 
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other groups, such as Group 6 consisting of individuals who 
are 55 years of age or older there appears generally to be 
more eyes with a noticeable amount of astigmatism, that is, 
more of the measurements are positioned further away from the 
axis of spheres. The spread or distribution of measurements 
in this particular age group also is less closely clustered as 
compared with the distributions in the other age groups 
(especially if one excludes a few extreme measurements or 
possible outliers on some of the plots). In Section 4.5 this 
issue of outliers will be revisited. 
A possible shift towards hyperopia and more astigmatism 
with increasing age is apparent (the mean for the 40 right 
eyes is -0.41/ -0.06 x 148 for Group 1 and 0.41/-0.57 x 102 
for Group 6 and a similar finding is present for the left 
eyes). However, since this is a practice-based study it is 
possible that this shift in refractive state is related to the 
types of refractive errors seen in clinical practice rather 
than the ageing process. For example, school children do lots 
of nearwork and blackboard work and are likely to call at 
practices because of asthenopia resulting from uncorrected 
refractive errors and prolonged nearwork stress. In the case 
of the older patients they almost always call at clinical 
practices because they have significant refractive errors 
mostly relating to presbyopia. Thus, patients with emmetropia 
or near emmetropia (and those with less vision-related 
problems) are less likely to be reflected in the distributions 
than are patients with more significant refractive errors and 
greater vision-related problems. This may account for the 
possible shift towards hyperopia and more astigmatism with 
increasing age, that is, it is a reflection of the types of 
ametropias typically encountered in a clinical practice rather 
than actually being due to the effects of the ageing process 
itself. 
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Hypothesis tests of equality of variance-covariance 
(Appendix El) and of equality between the means (Appendix E2) 
were performed. They show a significant difference between 
the variance-covariance matrices at the 95% confidence level. 
(A significant difference at the 95% confidence level is also 
observed for the means). See Section 4.5 for a discussion of 
the assumptions of multivariate normality and the influences 
of outliers with regard to hypothesis tests. 
4.2.2 Subjective refractions for groups 1 to 6 
Appendix B2 shows the stereo-pair scatter plots for the 
subjective refractions for the right and left eyes for the six 
groups. As for Appendix B1, the tick interval remains 1 D and 
the origin in each scatter plot is at 0 D. Again there are 40 
asterisks on each scatter plot corresponding to the respective 
subjective finding for each of the 40 right and 40 left eyes 
measured per group. 
As found for autorefraction, within each group the 
distribution or spread of measurements for the right eyes is 
fairly similar to that of the left eyes (especially if one or 
more possible outliers are disregarded). In Groups 1 and 2 the 
measurements cluster more tightly about the line of spheres 
than is the case with Group 6. Thus more astigmatism appears 
present in the older group and a similar finding was obtained 
with autorefraction (Appendix B1). However, in general, for 
all the different groups measurements cluster slightly more 
tightly about the line of spheres than was observed in the 
case of autorefraction. The measurements in Group 6 are more 
widely separated than in the younger age groups. This was 
also the case with autorefraction. Possible outliers are 
suggested on some scatter plots. For example, in the scatter 
plot for the right eyes of Group 1 a very myopic and 
astigmatic eye can be seen at the bottom of the scatter plot. 
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The mean subjective refraction for the right eyes of the 
youngest group is 0.10/-0.14 X 97 and for the oldest group is 
0.78/-0.70 x 95. This suggests an apparent shift towards 
hyperopia and greater astigmatism in the older groups. The 
left eyes show a similar phenomenon. Similar findings also 
were noted for autorefraction with the same subjects (Section 
4.2.1 and Appendix B1). Again this effect may relate to the 
ageing process itself or may be a reflection of the types of 
ametropias typically encountered in a clinical practice. This 
issue will be addressed again in the discussion of results in 
Section 5. 
As with autorefraction on the same eyes, subjective 
refractions show relatively few eyes with refractive errors 
very far from emmetropia (less true for Group 6, for example). 
There are also few eyes with significant amounts of 
astigmatism (again less true for Group 6). 
Hypothesis tests (Section 2.5) of equality of 
variance-covariance and of equality between the means for 
subjective refraction findings for the groups (Appendices El 
and E2) show a significant difference between the 
variance-covariance matrices at the 95% confidence level A 
significant difference at a 95% confidence level also is 
observed for the means (see Section 4.5 for further 
discussion). 
Comparing Appendices B1 and B2 suggests that 
autorefraction and subjective refraction roughly produce 
similar distributions for the different groups. That is, a 
similar refractive state is found for a particular eye whether 
we measure the eye using autorefraction or subjective 
refraction. However, to explore this aspect more completely 
we need to examine scatter plots of the excesses or 
differences of autorefraction over subjective refraction and 
this is described in the next section. 
4.2.3 The excesses of autorefraction over subjective 
refraction by age 
Here the two different methods used to measure the 
refractive errors of subjects are compared by plotting the 
stereo-pair scatter plots for the excesses for the different 
age groups (see Appendix C1). Excesses are obtained by 
subtracting the subjective finding for each eye from its 
autorefraction finding. If the two methods produce identical 
results for an eye then the excess or (difference) will be 
zero or the h-vector (0 0 0) / D. Thus the tighter the cluster 
of excesses to the origin the more similar are the results 
when using the two refractive methods. 
The tick interval for all scatter plots in Appendix C1 is 
0.50 D and the origin in each scatter plot is at (0 0 0) / D 
(which now represents no excess or difference between 
autorefraction and subjective refraction). Forty asterisks on 
each scatter plot correspond to the excesses found for the 40 
eyes. The further away an asterisk is from the origin the 
more dissimilar are the measurements for that eye with 
autorefraction and subjective refraction. 
Appendix C1 shows that in Group 6 the excesses are more 
widely clustered in comparison with those for the other 
groups. Thus in Group 6 there is greater dissimilarity 
between the results for the two refractive methods. 
For most groups the cluster of measurements is found 
mainly below the origin and the excesses are small (most 
asterisks are near the origin). However there are a few eyes 
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where asterisks are seen far from the origin. Such extreme 
excesses or outliers have important influences in data 
analysis and this will be described in more detail later. 
For each age group the average or mean of the 40 excesses 
was calculated and the results are shown in Table 5 and also 
below the scatter plots in Appendix C1. It can be seen that 
the mean excess for the right and left eyes of each of the six 
groups (see Table 5) is roughly similar and is smaller than 0 
D with a small amount of astigmatism. In all cases the 
cylinder axis is close to the horizontal meridian. In the 
younger groups the mean excesses are slightly more myopic than 
are the mean excesses for older groups. Thus, on average, the 
autorefractor tends to measure an eye as being slightly more 
myopic (or less hyperopic) and astigmatic than is the case for 
subjective refraction on that eye. This effect is slightly 
greater for the younger eyes. This effect probably relates to 
instrument myopia and proximal accommodation. 
Table 5: Mean excesses in conventional and h-notation for the 
excesses of autorefraction over subjective refraction for 
Groups 1 	 to 6. 
Sphere Cyl Axis h i h2 h 3 
Group 1 
OD -0.38 -0.17 177 -0.3793 -0.0113 -0.5445 
OS -0.46 -0.24 173 -0.4642 -0.0397 -0.6932 
Group 2 
OD -0.34 -0.19 170 -0.3425 -0.0455 -0.5245 
OS -0.28 -0.31 180 -0.2756 -0.0034 -0.5840 
Group 3 
OD -0.22 -0.26 178 -0.2250 -0.0128 -0.4871 
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OS -0.31 -0.14 179 -0.3083 -0.0053 -0.4521 
Group 4 
OD -0.30 -0.27 173 -0.3001 -0.0449 -0.5641 
OS -0.25 -0.32 175 -0.2510 -0.0390 -0.5639 
Group 5 
OD -0.16 -0.09 7 -0.1590 0.0154 -0.2493 
OS -0.22 -0.24 5 -0.2171 0.0300 -0.4487 
Group 6 
OD -0.20 -0.21 163 -0.2136 -0.0801 -0.3859 
OS -0.15 -0.18 4 -0.1554 0.0187 -0.3331 
Hypothesis tests of equality of variance-covariance and of 
equality of means for the excesses of autorefraction over 
subjective refraction for the groups (Appendices El and E2) 
show a significant difference at a 95% confidence level for 
the variance-covariance matrices but equality between means at 
the 95% confidence level. This suggests that the mean 
excesses are similar irrespective of age group although the 
same is not true for the variation of excesses in different 
age groups. 
4.2.4 Confidence ellipsoids and meridional profiles of the 
excesses of autorefraction over subjective refraction 
Confidence ellipsoids on the mean of the excesses of 
autorefraction over subjective refraction are represented in 
Figures 4.6a and 4.6b. The tick interval is 0.25 D and the 
origin is at (0 0 0) / D. 
h3 
h2 
h3 h3 
h2 
h3 
h2 h2 h2 
h2 
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a) 
	 b) 
c ) 
	 d) 
Figure 4.6 The first two graphs (a and b) demonstrate 95% 
confidence ellipsoids on the mean excesses of autorefraction 
over subjective refraction for the six groups. The next two 
graphs (c and d) demonstrate corresponding trajectories of the 
means (c and d). In the trajectories Group 1 is represented 
with an asterisk and then plus-signs are used to represent 
each of the groups (2 to 6) sequentially. The tick interval 
in all four graphs is 0.25 D and the origin is at 0 D. 
Figures 4.6a and c represents the right eyes while Figures 
4.6b and d represent the left eyes. 
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The ellipsoids intersect one another suggesting that there 
is no significant difference at a confidence level of 95% in 
mean excesses for the different age groups for either the left 
or right eyes. The location of all the ellipsoids for the 
different age groups is on the myopic side of the origin. 
Since the origin also is not included in any of the ellipsoids 
this indicates that the mean excess for each group is 
significantly different from (0 0 0) / D (or no difference, on 
average, between the mean excesses of autorefraction over 
subjective refraction) at a 95% level of confidence. It can 
be seen in Table 5 that the magnitudes of the mean 
differences, however, are small. 
The corresponding volumes of the 95% confidence ellipsoids 
are given in Table 6. The largest ellipsoids are for the 
right and left eyes of Group 6. The smallest ellipsoids are 
those for the right eyes of Group 2 and the left eyes of Group 
3. The removal of one or more outliers where appropriate 
might decrease the corresponding volume quite dramatically 
however. 
Table 6: The volumes in dioptres cubed (D 3) of the 95% 
confidence ellipsoids on the mean excesses of autorefraction 
over subjective refraction for Groups 1 to 6. 
OD OS 
Group 1 0.0095 0.0167 
Group 2 0.0059 0.0086 
Group 3 0.0071 0.0060 
Group 4 0.0110 0.0095 
Group 5 0.0090 0.0070 
Group 6 0.0361 0.0210 
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Trajectories of the mean excess for autorefraction over 
subjective refraction for the six groups are represented in 
Figures 4.6c and d. Group 1 is represented with an asterisk 
and then plus-signs are used to represent groups 2 to 6 
sequentially. The asterisks and plus-signs represent the mean 
excess (or centroid of the corresponding 95% confidence 
ellipsoids shown in Figures 4.6a and b). Although the 
asterisks and plus signs are seen to be separated there is no 
difference between them at a 95% level of confidence (Appendix 
E2). Ageing does not appear to affect the mean excess of 
autorefraction over subjective refraction. 
Meridional profiles of variance-covariance (as described 
in Section 2.4.3) for the excesses found for the different age 
groups also were drawn to help evaluate the excesses (see 
Figure 4.7). For the different age groups the profiles are 
located fairly close to 0 D 2, that is, the variances and 
covariances are of small magnitude. This is less true for the 
excesses for Group 1 (left eyes). In this instance the 
grouping of the profiles and the separation of the two groups 
formed suggests mainly spherical variation in the excesses 
(see Figure 4.7a for the left eyes). However, this could 
relate to the presence of an outlier (see scatter plot for the 
left eyes of Group 1 in Appendix C1 where a single measurement 
at the bottom of the stereo-pair can be seen to be somewhat 
isolated from the remaining 39 measurements). Removal of this 
outlier changes the meridional profile markedly and this will 
be demonstrated later in Section 4.5. 
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subjective refraction for the six groups. a) Group 1 b) Group 
2 c) Group 3 d) Group 4 e) Group 5 f) Group 6. In each group 
profiles for the right eyes are represented on the left-hand 
side and for the left eyes on the right-hand side. 
Table 7 shows the variance-covariance matrices (see Section 
2.3.2) for the excesses found for the different age groups. 
Table 7: Variance-covariance matrices of the excesses of 
autorefraction over subjective refraction for the groups. 
Units are D 2 for all entries. 
OD 	 OS 
Group 1 	 0.1515 -0.0172 0.1481 	 1.14.03 0.0822 	 1.0462 
	
-0.0172 0.0278 -0.0393 	 0.0822 0.0260 0.0996 
	
0.1481 -0.0393 0.2765 	 1.0462 0.0996 1.0490 
O 
	
Group 2 0.1077 -0.0105 0.0721 	 0.1036 0.0006 0.0768 
	
-0.0105 0.0235 -0.0121 	 0.0006 0.0333 0.0038 
0.0721 -0.0121 	 0.1215 	 0.0768 0.0038 0.1636 
	
Group 3 0.2083 0.0127 0.1807 	 0.2070 -0.0020 0.1433 
0.0127 0.0172 0.0137 -0.0020 0.0212 -0.0037 
	
0.1807 0.0137 0.2305 	 0.1433 -0.0037 0.1394 
	
Group 4 0.1095 0.0034 0.0562 	 0.1243 -0.0011 	 0.0953 
0.0034 0.0381 	 0.0088 -0.0011 	 0.0477 0.0093 
	
0.0562 0.0088 0.1744 	 0.0953 0.0093 0.1509 
	
Group 5 0.0690 0.0193 0.0377 	 0.0801 -0.0023 0.0149 
0.0193 0.0588 0.0310 -0.0023 0.0297 0.0113 
0.0377 	 0.0310 0.1361 	 0.0149 	 0.0113 	 0.1098 
	
Group 6 0.3119 0.0504 0.1132 	 0.1195 -0.0180 0.0784 
0.0504 0.0950 0.0534 -0.0180 0.1080 0.0138 
	
0.1132 0.0534 0.2897 
	 0.0784 0.0138 0.2287 
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The entries in the variance-covariance matrices are 
slightly larger for the left eyes of Group 1 when compared to 
the other groups suggesting greater variation in the excesses. 
Mainly spherical variation also is indicated and this also was 
noted in the case of the meridional profiles of variance-
covariance (Figure 4.7) for the left eyes of Group 1 and 
probably relates to the presence of an outlier (see also the 
scatter plot for the left eyes of this group in Appendix C1). 
Otherwise the entries for the variance and covariances in the 
six age groups are generally small suggesting little variation 
in the excesses of autorefraction over subjective refraction. 
Meridional profiles of dioptric power (see Section 2.4.1) 
for the excesses for the different age groups are represented 
by Figure 4.8. We observe forty lines on each graph 
corresponding to the individual 40 excesses found for each age 
group. 
a) 
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Figure 4.8 Meridional profiles of dioptric power for the 
excesses of autorefraction over subjective refraction. a) 
Group 1 b) Group 2 c) Group 3 d) Group 4 e) Group 5 f) Group 
6. In each group profiles for the right eyes are represented 
on the left-hand side and the left eyes are shown on the 
right-hand side. 
On most graphs the profiles cluster together near the 
ordinate 0 D. On the graphs for components h l and h 3 most 
excesses are slightly negative and the profiles are almost 
straight (indicating the presence of little astigmatism). On 
some graphs one or more individual profiles are seen to be 
apart from the rest (for example, see the left eyes of Group 
1). A slightly larger spread of profiles is seen for Group 6 
if one ignores possible outliers on some of the graphs. 
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Meridional profiles of skewness, kurtosis and standardized 
mean deviation (see Section 2.4.2) for the excesses found for 
the different age groups are represented in Figure 4.9. 
Departures, from normality can be found in some of the age 
groups, for example, leptokurtosis is present across all the 
meridians for the left eyes of Group 1 probably relating to 
one or more outliers (see the corresponding scatter plot for 
the left eyes of this age group in Appendix C1). 
Departures from normality are also observed for some of 
the other age groups where the profiles for skewness (B 1 ), 
kurtosis (B 2 ) and standardized mean deviation (A) can be seen 
to be displaced from the dotted lines -at the expected values 
(for normality) at 0, 3 and 0.7979 respectively. The greater 
the displacement the greater is the likelyhood of departure 
from normality. 
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Figure 4.9 Meridional profiles of skewness, kurtosis and 
standardized mean deviation for the excesses of autorefraction 
over subjective refraction. a) Group 1 b) Group 2 c) Group 3 
d) Group 4 e) Group 5 f) Group 6. In each group profiles for 
the right eyes are represented on the left-hand side and for 
the left eyes on the right-hand side. 
In summary, the 95% confidence ellipsoids, trajectories of 
mean excesses and meridional profiles suggest the following: 
The effects of large excesses or outliers are profound. 
Only one or a few outliers can dramatically affect the shape 
and size of confidence ellipsoids. Meridional profiles of 
variance-covariance also are significantly affected. A 
possible outlier is suggested for the left eyes of Group 1 and 
in Section 4.5 removal of the outlier will illustrate this 
point more completely. 
At a 95% level of confidence the mean excess for the 
right and left eyes is not significantly different for the six 
age groups. On average, the methods of subjective refraction 
and autorefraction thus produce similar results irrespective 
of age. There are, however, individual eyes where this is not 
true. 
For the various groups the mean excess of 
autorefraction over subjective refraction (Table 5) is small 
and is slightly myopic and astigmatic. Autorefraction thus 
results, on average, in a shift towards myopia and greater 
astigmatism in comparison with subjective refraction for the 
same eye. The mean excess is significantly different from 
(0 0 0) / D at a 95% level of confidence. However, the 
difference from (0 0 0) / D is small and thus, on average, the 
two refractive methods give similar results for an eye. 
4.2.5 Strengths of the excesses of autorefraction over 
subjective refraction 
Appendix D1 indicates the strengths (also see Section 2.7) 
of the excesses and the respective cumulative percentages (see 
Figure 4.10) for the different age groups. The smaller the 
strengths and the greater the percentages that have smaller 
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strengths the more similar are the results of the two 
refractive methods. Appendix D1 shows that with the exception 
of the left eyes of Group 1 100% of the eyes have 
cylinder-equivalent strengths (s) and sphere-equivalent 
strengths (s0 of less than 3 D. About 75% of eyes have 
strengths of less than 1 D. 
These findings can be confirmed from Figure 4.10 that 
includes all the age groups. One can observe that all 6 
profiles on each graph cluster together, with nearly all the 
eyes having cylinder-equivalent strengths (s) of less than 2 
D, with the exception of the left eyes of Group 1 (solid line 
with asterisks). 
Figure 4.10 Profiles of the cumulative percentages of 
strengths (s and sj of the excesses of autorefraction over 
subjective refraction for the six age groups. Group 1 is 
represented with a solid line with asterisks, Group 2 with a 
solid line with circles, Group 3 with a broken line and 
asterisks, Group 4 with a broken line with circles, Group 5 
with a dotted line with asterisks and Group 6 with a dotted 
line with circles. 
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Generally the cylinder-equivalent or sphere-equivalent 
strengths obtained for the eyes in the different age groups 
are small (less than 1 D) and this indicates that 
autorefraction and subjective refraction mostly produce 
similar results for the individual eyes in the different age 
groups. 
4.3 Comparison of autorefraction and retinoscopy by age 
The sample distributions for autorefraction for the six 
age groups have been described already (see Section 4.2.1). 
4.3.1 Retinoscopy for groups 1 to 6 
Stereo-pair scatter plots of the right and left eyes for 
the six groups are represented in Appendix B3. As for 
autorefraction and subjective refraction (Appendices B1 and 
B2) the tick interval remains 1 D and the origin is at 
(0 0 0) / D (or the state of emmetropia). Each of the 40 
asterisks on each scatter plot corresponds to the retinoscopic 
finding for an eye. 
If one compares the scatter plots for the right and left 
eyes within each group it can be observed that the spread or 
distribution of measurements is more dissimilar than was the 
case for autorefraction or subjective refraction. Most groups 
show few eyes with significant amounts of astigmatism. For 
Groups 5 and 6 the cluster of measurements is more widely 
spread. In almost all of the scatter plots most asterisks are 
seen to cluster above the origin. In comparison with 
subjective refraction or autorefraction the means, as 
indicated below the scatter plots in Appendix B3, have shifted 
towards greater hyperopia. The mean retinoscopic finding for 
the right eyes of the youngest age group is 0.69/-0.05 x 91 
82 
and 1.72/-0.88 x 89 for the oldest group. For the left eyes 
the mean retinoscopy finding for the youngest group is 
0.65/-0.21 x 82 and 1.53/-0.74 x 81 for the oldest age group. 
This suggests an apparent shift towards more hyperopia and 
greater astigmatism in the older groups. A similar finding 
was observed for autorefraction (Appendix B1) and subjective 
refraction (Appendix B2), again probably a reflection of 
either the types of ametropias encountered in a clinical 
practice or of the ageing process itself. 
Hypothesis tests (Section 2.5) of equality of 
variance-covariance and of equality of the means for 
retinoscopy findings for the groups show a significant 
difference between the variance-covariance matrices at the 95% 
confidence level (Appendix El). A significant difference in 
the means at a 95% confidence level also is observed (Appendix 
E2). See Sections 4.5 and 5 for further discussion. 
4.3.2 Excesses of autorefraction over retinoscopy by age 
Stereo-pair scatter plots for the excesses of 
autorefraction over retinoscopy for the different age groups 
are shown in Appendix C2. As for the excesses of 
autorefraction over subjective refraction (Section 4.2.3 and 
Appendix C1) the tick interval is 0.5 D for all scatter plots 
in Appendix C2 and the origin in each scatter plot is at 
(0 0 0) / D (or no difference or excess of autorefraction over 
retinoscopy). Forty asterisks or excesses are found on each 
scatter plot. 
The spread of excesses is different in each of the six 
groups. The measurements in the clusters for the right and 
the left eyes of Group 6 seems more widely spread than for the 
other groups. The cluster of measurements in most of the age 
groups is close to the line of spheres. However, in Group 6, 
this is less true and this indicates greater astigmatism in 
the excesses for this group in comparison with the younger 
groups. 
For all the different age groups in Appendix C2 the 
cluster of measurements also is found mainly below the origin, 
that is, the excesses are myopic relative to the origin and 
generally of small magnitude. However, there are a few eyes 
in which the excess of autorefraction over retinoscopy is very 
different from (0 0 0) / D and asterisks are found far from the 
origin. 
Table 8 indicates the mean excesses of autorefraction over 
retinoscopy obtained for the different age groups. It can be 
observed that the mean excesses of autorefraction over 
retinoscopy for all the groups with the exception of Group 6 
is more myopic and less astigmatic for the right eyes as 
compared with the left eyes. The astigmatic component for the 
excesses for the groups also mostly are greater for the older 
rather than for the younger age groups. 
Table 8: Mean excesses of autorefraction over retinoscopy in 
conventional and h-notation for Groups 1 to 6. 
Group 
sphere 
1 
cyl axis h 1 h 2 h3 
OD -1.06 -0.09 162 -1.0671 -0.0358 -1.1376 
OS -0.76 -0.28 173 -0.7673 -0.0454 -1.0369 
Group 2 
OD -1.03 -0.11 157 -1.0472 -0.0540 -1.1198 
OS -0.54 -0.24 175 -0.5444 -0.0306 -0.7840 
Group 3 
OD -1.04 -0.09 163 -1.0472 -0.0353 -1.1212 
83 
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OS -0.62 -0.18 176 -0.6258 -0.0194 -0.8002 
Group 4 
OD -1.04 -0.20 174 -1.0434 -0.0310 -1.2426 
OS -0.58 -0.42 175 -0.5816 -0.0465 -0.9957 
Group 5 
OD -0.95 -0.12 167 -0.9538 -0.0370 -1.0639 
OS -0.51 -0.46 177 -0.5144 -0.0385 -0.9736 
Group 6 
OD -0.94 -0.44 163 -0.9764 -0.1781 -1.3366 
OS -0.53 -0.44 176 -0.5321 -0.0442 -0.9627 
Hypothesis tests of equality of variance-covariance and of 
equality of mean excesses of autorefraction over retinoscopy 
for the groups (Appendices El and E2) show inequality between 
the variance-covariance matrices at the 95% confidence level. 
A significant difference at a 95% confidence level for the 
means for the right eyes but not left eyes also is observed. 
Outliers and departures from normality should, however, be 
kept in mind when considering this result. 
To summarise, the autorefractor tends to measure an eye as 
being slightly more myopic and astigmatic than is the case for 
retinoscopy on that eye. However in comparison with the mean 
excesses of autorefraction and subjective refraction (see 
Table 5, page 66) these mean excesses (see also Appendices Cl 
and C2) are slightly more myopic. That is, in this study 
autorefraction and subjective refraction were found to produce 
closer results on average than was the case for retinoscopy 
and autorefraction. (Retinoscopy and subjective refraction 
were performed without prior knowledge of autorefraction 
results). 
h1 
h3 h3 
hl 
h2 	 h2 
hl 
h3 	 h3 
h2 	 h2 
hl 	 hl 
4.3.3 Confidence ellipsoids and meridional profiles of 
excesses of autorefraction over retinoscopy 
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a)  b) 
c) 	 d) 
Figure 4.11 The first two graphs (a and b) represent 95% 
confidence ellipsoids on the mean for the excesses of 
autorefraction over retinoscopy for the six groups. The next 
two graphs (c and d) represent the corresponding trajectories 
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of the means. In the trajectories Group 1 is represented with 
an asterisk and then plus-signs are used to represent each of 
the groups (2 to 6) sequentially. The tick interval in all 
four graphs is 0.25 D and the origin is at (0 0 0) 1 D. 
Figures 4..6a and c represent the right eyes and Figures 4.6b 
and d represent the left eyes. 
In Figure 4.11 95% confidence ellipsoids and corresponding 
trajectories of mean excesses for the six groups are 
represented. The tick interval in all graphs is 0.25 D and 
the origin is at (0 0 0) / D (see also Figure 4.6 where the 
same tick interval and origin applies to the 95% confidence 
ellipsoids and trajectories of excesses of subjective 
refraction over autorefraction). 
The ellipsoids intersect one another suggesting that there 
is little or no significant difference in mean excesses for 
the different age groups for either the left or the right 
eyes. The location of all the ellipsoids for the different 
age groups is on the myopic side relative to the origin. This 
indicates that for all the different age groups the mean 
excess is myopic and astigmatic. The origin is not included 
in any of the ellipsoids and this indicates that the mean 
excess for each group is significantly different from (0 0 0) / 
D at a 95% level of confidence. Similar findings were found 
for the excesses of autorefraction over subjective refraction 
although the mean excesses were located closer to the origin). 
(There was closer agreement between autorefraction and 
subjective refraction than between autorefraction and 
retinoscopy). 
The corresponding volumes of the 95% confidence ellipsoids 
are given in Table 9. The largest ellipsoids are the 
ellipsoids for the right and the left eyes of Group 6 (a 
similar finding was found for the volumes of the 95% 
confidence ellipsoids for the excesses of autorefraction over 
subjective refraction; see Table 6). Otherwise the volumes of 
the ellipsoids for the excesses of autorefraction over 
retinoscopy (Table 9) are roughly similar to the volumes of 
the ellipsoids for the excesses of autorefraction over 
subjective refraction (Table 6). 
In Figures 4.11c and 4.11d the trajectories of mean 
excesses of autorefraction over retinoscopy are shown. The 
trajectory shows the change in the mean excess of 
autorefraction over retinoscopy by age. The mean excesses for 
the right eyes (Table 8 and Figure 4.11c) are slightly more 
myopic and less astigmatic compared with the mean excesses for 
the left eyes (Table 8 and Figure 4.11d). 
Table 9: The volumes in dioptres cubed (D 3) of the 95% 
confidence ellipsoids for the mean excesses of autorefraction 
over retinoscopy for the six groups. 
OD OS 
Group 1 0.0111 0.0216 
Group 2 0.0064 0.0052 
Group 3 0.0105 0.0086 
Group 4 0.0080 0.0087 
Group 5 0.0113 0.0164 
Group 6 0.0396 0.0506 
The variance-covariance matrices for the excesses for the 
groups are shown in Table 10. 	 As compared with all the other 
age groups the corner entries for the variance-covariance 
matrices for the left eyes of Group 1 are larger than the 
corner entries for the other groups, thereby suggesting 
greater spherical variation in the excesses for this age 
group. One or more outliers (see scatter plot for the left 
eyes of Group 1 in Appendix C2) may account for this 
observation. 
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The variances and covariances for the other age groups are 
roughly similar although exceptions to this statement can be 
found, for example, in Group 6 where the variances are 
slightly lrger. 
Table 10: Variance-covariance matrices of the excesses of 
autorefraction over retinoscopy by age. Units are D 2 for all 
entries. 
OD 	 OS 
Group 1 	 0.2717 -0.0432 0.2902 	 1.2722 0.0876 1.2403 
	
-0.0432 0.0530 -0.0711 	 0.0876 0.0492 0.1518 
0.2902 -0.0711 	 0.4322 	 1.2403 0.1518 1.4059 
	
Group 2 0.1378 -0.0078 0.1407 	 0.1065 0.0243 0.0744 
	
-0.0078 0.0308 -0.0113 	 0.0243 0.0350 0.0242 
	
0.1407 -0.0113 0.2540 	 0.0744 0.0242 0.1492 
	
Group 3 0.1474 0.0046 0.1220 	 0.1775 -0.0237 0.1450 
	
0.0046 0.0538 0.0305 	 -0.0237 0.0452 -0.0300 
	
0.1220 0.0305 0.2685 	 0.1450 -0.0300 0.2325 
	
Group 4 0.1141 -0.0059 0.0682 	 0.1613 -0.0108 0.1317 
	
-0.0059 0.0466 -0.0164 	 -0.0108 0.0417 -0.0115 
	
0.0682 -0.0164 0.1788 	 0.1317 -0.0115 0.2348 
	
Group 5 0.2222 -0.0224 0.1722 	 0.1866 -0.0040 0.0733 
	
-0.0224 0.0543 -0.0079 	 -0.0040 0.0942 0.0308 
	
0.1722 -0.0079 0.2573 	 0.0733 0.0308 0.2107 
	
Group 6 0.3182 0.0183 0.2617 	 0.3262 -0.0385 0.1379 
	
0.0183 0.1675 -0.0228 	 -0.0385 0.3120 -0.0281 
	
0.2617 -0.0228 0.5540 	 0.1379 -0.0281 	 0.3427 
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Meridional profiles of variance-covariance for the 
excesses of autorefraction over retinoscopy for the age groups 
are represented in Figure 4.12. 
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Figure 4.12 Meridional profiles of variance-covariance for 
the excesses of autorefraction over retinoscopy. a) Group 1 
b) Group 2 c) Group 3 d) Group 4 e) Group 5 f) Group 6. In 
each age group profiles for the right eyes are represented on 
the left-hand side and for the left eyes on the right-hand 
side. 
For all the age groups except for Groups 1 and perhaps 6 
the profiles are grouped very closely together, and are 
located near the ordinate 0 D 2. (A similar finding was 
observed for the excesses of autorefraction over subjective 
refraction see Figure 4.7). However these profiles are 
sensitive to the presence of outliers and the profiles such as 
for the left eyes of Group 1 may look quite different if 
outliers are first removed. This will be demonstrated later 
in Section 4.5. Figure 4.12 also suggests that the variances 
and covariances are roughly constant or uniform across the 
meridians, small in magnitude and greater variation in the 
excesses is present in Groups 1 and 6. 
Meridional profiles of dioptric power for the excesses for 
the age groups are presented in Figure 4.13. 
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Figure 4.13 Meridional profiles of dioptric power for the 
excesses of autorefraction over retinoscopy. a) Group 1 b) 
Group 2 c) Group 3 d) Group 4 e) Group 5 f) Group 6. In each 
age group profiles for the right eyes are represented on the 
left-hand side and for the left eyes on the right-hand side. 
On all the graphs the profiles cluster together mostly 
near or below the ordinate 0 D. Thus, most eyes have excesses 
which are small, slightly less than 0 D (that is, are myopic). 
On all the graphs the profiles for components h l and h 3 are 
almost straight (indicating the presence of little 
astigmatism). On some graphs', for example the left eyes of 
Group 1 one or more profiles are dissimilar or separated from 
the rest, and represent possible outliers. 
Meridional profiles of skewness, kurtosis and standardized 
mean deviation for the excesses found for the different age 
groups are represented in Figure 4.14. Departures from 
normality can be found, for example, for the right or left 
eyes of Group 1. Here we have leptokurtosis for h l , h 2, and h 3 
for almost all the meridians. (The profile B2 is above the 
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dotted line at the ordinate 3). Negative skewing for h 1 and h 3 
is present and for the left eyes leptokurtosis of h 2 (profile 
B 2 ) and positive and negative skewing for h 2 are observed (see 
profile B 1 . and the dotted line at ordinate of 0). For all the 
other groups except perhaps Group 6 (left eyes), the profiles 
for skewness, kurtosis and standardized mean deviation are 
close to the expected values for normality. Again removal of 
outliers could reduce the departures from normality as found 
for Group 1 (see Sections 4.5 and 5). 
25 
20 
a IS # 
3 
" 
2 
02 
2 
A 
-5
0 20 40 60 SO 100 120 t40 160 110 
a) 
0 	 20 
I 
91 
100 	 120 	 140 	 160 	 160 
25 9 tS, 	
e20 I- 
1 81 
-5 
0 	 20 	 40 	 60 	 • 60 	 100 	 120 
Reference meridian (degrees) 
:32 
Y 10 
140 	 160 	 180 
25 
20 
'10 
20 	 40 100 	 120 	 140 	 160 	 ISO • 40 	 60 	 60 	 100 
	
52 
t20 	 140 	 160 	 160 
-5o 40 	 60 	 60 	 M 	 M 
Reference mendien (doom.) 
140 	 160 	 110 
"0 	 20 	 0 .0 	 0 M M 
000 eneemeddianMoree0 
140 110 	 ISO 
0 
	 62 
	 a. 
20 	 40 	 60 	 SO 	 )00 	 120 	 140 	 :60 	
150 
25 
20 
Is 
10 
94 
20 ! 
I 
4 	 I 
I 
1 0 r 
-5 140 	
160 	 ISO 
0 	 20 	 40 	 60 	 80 	 :00 	 120 
R•lerens• meridian (degrent) 20 	 40 	 60 	 50 	 100 	 120 	 :40 	 160 	 ISO 
Reference mermllan (degrees) 
az 
1 
7 25 
2 
C '°.2 IS 
50 	 100 	 120 140 160 	 160 20 	 40 	 60 
25 
20 
.1.15 
10 
160 	 180 20 	 40 	 60 	 80 	 100 	 120 	 140 
140 ISO 	 ISO 
ISO 20 	 40 	 60 	 110 	 100 	 120 	 140 	 160 
- - 
25 
20 
15 
5 
12 
 
SI 
40 	 SO 	 60 	 100 	 120 	 140 	 160 	 180 
Roterenco meridian (degrees) 
. - 
40 	 60 	 SO 	 100 	 120 
Reference meridian (degrees) 
2 
20 
52 
e) 
25 
; 20 
2 
40 	 50 	 50 	 ISO 	 120 	 140 	 ISO 	 ISO 
Solemn. 01.06166 (5051065) 1.10 
	
g 25 	  
; 20 
IS 
t4 
	
0 	  
	
-0 G 	  
82 
160 	 140 60 	 BO 	 100 	 120 
Moron.. mend!. (505re0s) 
.......... 
2 
25 
20 
40 	 60 
••• ...... 	 ••• •• 02 
160 	 ISO 60 	 100 	 120 	 .0 
40 	 60 	 30 	 100 	 120 • 	 140 	 :SO 	 160 
20 	 40 	 60 	 BO 	 100 	 120 	 140 	 160 	 160 
f);2 
20 
;4 15 
1 	 10 
.cO 
11 02 
0 
 
2p .  
 
20 	 AO 	 50 	 N 	 M 	 NO 	 M 	 M 	 180 	
'SO 	 140 	 M 	 ISO 
Retat2 222 1 
Figure 4.14 Meridional profiles of skewness, kurtosis and 
standardized mean deviation for the excesses of autorefraction 
over retinoscopy. a) Group 1 b) Group 2 c) Group 3 d) Group 4 
e) Group 5 f) Group 6. In each group profiles for the right 
eyes are represented on the left-hand-side and for the left 
eyes on the right-hand side. 
To summarise, the 95% confidence ellipsoids, the 
trajectories of mean excesses and the meridional profiles 
suggest the following: 
The mean excess of retinoscopy over autorefraction for 
all groups is significantly different from 0 D at a 95% level 
of confidence. Autorefraction tends to measure an eye as 
being slightly more myopic (or less hyperopic) and astigmatic 
than is the case for retinoscopy on the same eye. This result 
probably arises from factors involving the accommodative 
system, such as instrument myopia and proximal accommodation 
in the case of autorefraction. 
The trajectories of mean excess of retinoscopy over 
autorefraction for the right eyes and the hypothesis tests 
show a significant difference in mean excess for the different 
age groups at a 95% level of confidence. This is dissimilar 
to the finding for the mean excesses of subjective refraction 
over autorefraction. However, the issues of outliers and 
departures from normality becomes important. 
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c) Outliers have profound effect on plots of confidence 
ellipsoids or meridional profiles, of variance—covariance of 
dioptric power, or of skewness, kurtosis and standardized mean 
deviation.•Outliers or other departures from multivariate 
normality appear to be important especially with regard to the 
results of Group 1. 
d) The mean excesses (Tables 5 and 8) indicate that there 
is generally closer agreement between autorefraction and 
subjective refraction than autorefraction and retinoscopy. 
4.3.4 Strengths of the excesses of autorefraction over 
retinoscopy for Groups 1 to 6 
Figure 4.15 Profiles of the cumulative percentages of 
strengths for the excesses of autorefraction over retinoscopy 
for the six age groups. Group 1 is represented with a solid 
line with asterisks, Group 2 with a solid line with circles, 
Group 3 with a broken line with asterisks, Group 4 with a 
broken line with circles, Group 5 with a dotted line with 
asterisks and Group 6 with a dotted line with circles. 
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One observes from the Appendix D2 for the strengths and 
cumulative percentages that most of the eyes have strengths of 
less than 2 D. Figure 4.15 indicates that the profiles of the 
cumulative percentages of strengths for the different age 
groups are similar and also that most eyes have strengths of 
less than 2 D. This applies to both types of strength (that 
is, cylinder-equivalent strength s and sphere-equivalent 
strength s s). In comparison with Figure 4.10 (for the 
strengths of the excesses of autorefraction over subjective 
refraction) the profiles of Figure 4.15 are shifted slightly 
to the right indicating that the excesses of retinoscopy over 
autorefraction are slightly larger on average. For most eyes, 
there is a better agreement between autorefraction and 
subjective refraction than between autorefraction and 
retinoscopy. 
4.4 Comparison of retinoscopy and subjective refraction by 
age 
Scatter plots for autorefraction, for subjective 
refraction and for retinoscopy for the six age groups already 
have been described (see Sections 4.2.1, 4.2.2 and 4.3.1 and 
Appendices B1, B2 and B3). Appendices B2 and B3 for 
subjective refraction and for retinoscopy respectively show 
that the two methods produce roughly similar distributions for 
the right and the left eyes for the different age groups. The 
cluster of measurements in each graph is around the mean and 
is near the origin at (0 0 0) / D (or emmetropia). Except for 
Groups 5 and 6 there is little astigmatism. To compare the 
two methods further scatter plots of the excesses of 
retinoscopy over subjective refraction are described in the 
next section. 
4.4.1 Excesses of retinoscopy over subjective refraction 
by age 
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Stereo-pair scatter plots of the excesses of retinoscopy 
over subjective refraction for the six age groups are shown in 
Appendix C3. As for the previous instances (Appendices Cl and 
C2), the tick interval for all scatter plots in Appendix C3 is 
0.50 D and the origin is (0 0 0) / D. Each of the 40 asterisks 
(in each scatter plot) represents the excess of retinoscopy 
over subjective refraction of an eye. 
In Appendix C3 the sample distributions are different in 
each of the 6 groups (differences also being observed in some 
of the groups when the left and the right sample distributions 
are compared). The cluster of excesses for Groups 5 and 6 are 
more widely spread than for the other *age groups. For the 
younger age groups, the cluster of measurements on their 
scatter plots for the right or left eyes respectively is 
generally closer to the line of spheres thereby indicating 
less astigmatism in these age groups. 
A few excesses can be seen far below the origin (for 
example, in Group 5). For all the age groups most 
measurements are positioned on the scatter plots above the 
origin, indicating that the excesses mainly are hyperopic 
(greater than (0 0 0) / D). Clusters for the right eyes tend 
to be shifted slightly upwards and to the left of the origin 
when compared to those for the left eyes within each group. 
In all groups the mean excesses for the right eyes (see Table 
11) are more hyperopic than those for the left eyes. 
To summarise, mostly the excesses are hyperopic with a 
small amount of astigmatism. Thus, on average, retinoscopy 
tends to measure an eye as being slightly more hyperopic and 
astigmatic than is the case with subjective refraction on the 
same eye. This effect is slightly greater for subjects of 46 
years and older (Groups 5 and 6). 
Table 11: Mean excesses of retinoscopy over subjective 
refraction in conventional and h-notation for Groups 1 to 6. 
sphere 	 cyl 	 axis 	 h i 	 h 2 	 h 3 
Group 1 
OD 0.69 -0.10 10 0.6878 0.0245 0.5932 
OS 0.34 -0.04 84 0.3031 0.0058 0.3438 
Group 2 
OD 0.70 -0.11 3 0.7047 0.0086 0.5953 
OS 0.27 -0.08 15 0.2688 . 0.0272 0.1999 
Group 3 
OD 0.82 -0.19 5 0.8221 0.0225 0.6341 
OS 0.35 -0.04 73 0.3175 0.0142 0.3481 
Group 4 
OD 0.74 -0.07 172 0.7433 -0.0138 0.6785 
OS 0.43 -0.10 87 0.3306 0.0075 0.4319 
Group 5 
OD 1.12 -0.46 77 0.6863 0.1420 1.1012 
OS 0.88 -0.48 87 0.4036 0.0312 0.8810 
Group 6 
OD 0.97 -0.23 72 0.7628 0.0980 0.9507 
OS 0.64 -0.27 80 0.3767 0.0629 0.6296 
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Hypothesis tests of equality of variance-covariance 
(Appendix El) and of equality of means (Appendix E2) for the 
excesses of retinoscopy over subjective refraction for the six 
groups show a significant difference between 
variance-covariance matrices at the 95% confidence level. A 
significant difference between mean excesses at a 95% 
confidence level also is observed. See Sections 4.5 and 5 for 
further discussion. 
4.4.2 Confidence ellipsoids and meridional profiles of 
excesses of retinoscopy over subjective refraction 
a\ , b) 
Figure 4.16 The first graphs (a and b) represent 95% 
confidence ellipsoids on the mean for the excesses of 
retinoscopy over subjective refraction for the six groups. 
The next two graphs (c and d) represent the corresponding 
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trajectories of the means. In the trajectories Group 1 is 
represented with an asterisk and then plus-signs are used to 
represent each of the groups (2 to 6) sequentially. The tick 
interval in all four graphs is 0.25 D and the origin is at 
(0 0 0) / D. Figures 4.6a and c represent the right eyes and 
Figures 4.6b and d represent the left eyes. 
In Figure 4.16 95% confidence ellipsoids and trajectories 
of the mean excesses of retinoscopy over subjective refraction 
for the six age groups are represented. The tick interval for 
all the graphs of Figure 4.16 is 0.25 D and the origin is at 
(0 0 0) / D (this is the same tick interval and origin as used 
for Figures 4.6 and 4.11; use of this tick interval however 
results in the artificial gap in the largest ellipsoid in 
Figure 4.6a). 
The ellipsoids for Groups 1 to 4 intersect one another 
suggesting that there is little or no significant difference 
in mean excesses for the four groups for either the left or 
right eyes. The ellipsoids for Groups 5 and 6 although 
intersecting the others (that is, 1 to 4) are located at the 
top of Figures 4.16a and b. The largest ellipsoids are for 
the right and left eyes of Group 5. The presence of outliers 
or departures from normality become important here. Removal 
of outliers, for example, in the case of Group 5 would reduce 
the size, shape and volume of the corresponding 95% confidence 
ellipsoids on Figures 4.16a and b. All the 6 ellipsoids are 
located above the origin. This contrasts with the ellipsoids 
for the excesses of autorefraction over subjective refraction 
(Figures 4.6a and b) and for the ellipsoids for the excessses 
of autorefraction over retinoscopy (Figures 4.11a and b) where 
the ellipsoids are seen below the origin. 
The corresponding volumes of the 95% confidence ellipsoids 
are given in Table 12 (see also Tables 6 and 9). Groups 1 to 
4 have roughly similar volumes while the volumes of Groups 5 
or 6 are larger. The ellipsoids for Group 5 being the largest 
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of all the groups. The issues of outliers or departures from 
normality are relevant but we probably can be more confident 
of the mean excesses of retinoscopy over subjective refraction 
determined for the younger age groups than for the older age 
groups. The greater inconsistency of results with retinoscopy 
and subjective refraction in older eyes needs to be studied 
further in the future but may relate to factors such as change 
in pupil diameter or transparency of the ocular media with 
ageing. 
The origin is not included in any of the ellipsoids and 
this indicates that the mean excess for each group is signifi-
cantly different from (0 0 0) / D (or rib difference between 
retinoscopy and subjective refraction) at a 95% level of 
confidence. 
Table 12: The volumes in dioptres cubed (D 3 ) of the 95% confi-
dence ellipsoids for the mean excess of retinoscopy over sub-
jective refraction for Groups 1 to 6. 
OD OS 
Group 1 0.0036 0.0048 
Group 2 0.0031 0.0028 
Group 3 0.0092 0.0105 
Group 4 0.0070 0.0057 
Group 5 0.4173 0.1361 
Group 6 0.0219 0.0292 
The trajectories for mean excesses for the groups are 
represented in Figures 4.16c and 4.16d. The origin is 0 D and 
the tick interval 0.25 D. In comparison with the trajectories 
for mean excesses of autorefraction over subjective refraction 
(Figure 4.6), and for mean excesses of autorefraction over 
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retinoscopy (Figure 4.11), the trajectories are located above 
the origin. This indicates that the mean excesses of 
retinoscopy over subjective refraction are more hyperopic than 
in the other two cases. Retinoscopy tends to measure an eye 
as being more hyperopic and astigmatic than does subjective 
refraction. 
Meridional profiles of variance-covariance for the 
excesses of retinoscopy over subjective refraction for the 
different age groups are presented in Figure 4.17. 
            
6 
P 4 
a 	 3 
   
1 
c) 
     
11 
           
           
            
            
   
20 	 40 	 0 	 M 	 100 	 120140160180 
   
20 	 40 	 60 	 80 	 100 	 120 	 140 	 160 	 180 
Reference meridian (degrees) 
      
   
Reference meridian (de grees) 
    
5 
4 
a 	 3 
6 	 = 
.6 
4 	 60 	 80 	 :20 	 1 ♦ 	 M 	 M 
Reference memian (et great 
1 0 	 20 	 60 	 03 	 100 	 120 	 14 	 160 	 180 
Reference meridian (degrees) 
0 
to 	
a 
a 	 3 
.4 	 2 
d) 
0 
ill 
Reference meridian (degrees) 
104 
6 
5 	 13 
' 	 3 
" 	 e) 
s22 
20 
	 ♦0 	 60 	 SO 	 100 	 :73 	 140 	 160 	 ISO 
Reference meridian (degrees) 
62 
3 f) 
20 	 40 	 60 	 80 	 100 	 IM 	 1.3 	 160 	 180 
Referencemer idian(degrees) 
8 
2 
a 
71 	 ♦0 	 60 	 80 	 100 	 IMP 	 140 	 160 	 180 
Reference meridian (degrees) 
I. 
Figure 4.17 Meridional profiles of variance-covariances for 
the excesses of retinoscopy over subjective refraction. a) 
Group 1 b) Group 2 c) Group 3 d) Group 4 e) Group 5 f) Group 
6. In each group profiles for the right eyes are represented 
on the left-hand side and for the left eyes on the right-hand 
side. 
For the different age groups, except for Group 5, the 
profiles are nearly flat and are close to the ordinate 0 D 2 , 
indicating that the variances and covariances are roughly 
constant across the meridians and are of small magnitude. The 
grouping of profiles in Group 5 suggests mainly spherical 
variation. However, the removal of one or more outliers might 
change the graph quite dramatically. This will be discussed 
in more detail in Sections 4.5 and 5. 
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Table 13 (see also Tables 7 and 10) shows roughly similar 
entries for all the age groups except for Group 5. Removal of 
outliers would modify some of the entries especially as 
regards Group 5. 
Table 13: Variance-covariances matrices of the excesses of 
retinoscopy over subjective refraction by age. Units are D 2 
for all entries. 
OD 
Group 1 0.0934 -0.0079 0.0881 
-0.0079 0.0208 -0.0240 
0.0881 -0.0240 0.1715 
Group 2 0.1452 0.0050 0.1357 
0.0050 0.0108 -0.0001 
0.1357 -0.0001 0.1986 
OS 
0.1982 0.0142 0.1698 
0.0142 0.0218 0.0222 
0.1698 0.0222 0.2114 
	
0.1195 	 0.0011 	 0.0747 
	
0.0011 	 0.0095 0.0034 
0.0747 0.0034 0.1259 
	
Group 3 0.1503 0.0105 0.1486 	 0.2395 -0.0283 0.2023 
0.0105 0.0361 0.0079 -0.0283 0.0516 -0.0355 
	
0.1486 0.0079 0.3237 	 0.2023 -0.0355 0.2809 
	
Group 4 0.0694 0.0098 0.0440 
	
0.1248 0.0023 0.0835 
	
0.0098 0.0606 0.0106 
	
0.0023 0.0286 0.0018 
	
0.0440 0.0106 0.1629 
	
0.0835 0.0018 0.1576 
	
Group 5 5.6246 -0.0888 5.0355 	 2.7325 -0.1775 2.7663 
-0.0888 0.2531 -0.1935 -0.1775 0.0996 -0.1712 
	
5.0355 -0.1935 5.9295 	 2.7663 -0.1712 3.6585 
	
Group 6 0.2464 -0.0149 0.1938 	 0.2728 -0.0071 	 0.1924 
	
-0.0149 0.1122 -0.0131 	 -0.0071 	 0.2234 -0.0123 
0.1938 -0-0131 	 0.3476 	 0.1924 -0.0123 0.2918 
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Figure 4.18 Meridional profiles of dioptric power for the 
excesses of retinoscopy over subjective refraction. a) Group 
1 b) Group 2 c) Group 3 d) Group 4 e) Group 5 f) Group 6. In 
each age group profiles for the right eyes are represented on 
the left-hand side and for the left eyes on the right-hand 
side. 
Meridional profiles of dioptric power for the excesses for 
the different age groups are represented in Figure 4.18. 
Forty profiles (or excesses) are represented on each graph. 
On most graphs the profiles (for h 1 and h 3) cluster mainly 
above and near the ordinate 0 D unlike for the excesses of 
autorefraction over subjective refraction (Figure 4.8) and for 
autorefraction over retinoscopy (Figure 4.13) where the 
profiles cluster below and near 0 D. Exceptions are the 
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graphs for the excesses of Group 5 which are more widely 
spread (the presence of possible outliers in this age group 
has already been mentioned). A slightly larger spread of 
profiles i3 also noted in Group 6. On most graphs for 
components (h 1 and h 3) the lines are roughly flat thus 
indicating the presence of little astigmatism. Again this is 
less true for Groups 5 and 6. On the graphs for Group 5, a 
number of profiles are seen to be separate or different from 
the rest, and these are eyes having a greater difference 
between retinoscopy and subjective refraction than was the 
case for the other eyes. 
Meridional profiles of skewness, kurtosis and standardized 
mean deviation for the excesses found for the different age 
groups are represented in Figure 4.19. Significant departures 
from normality can be observed in the graphs for the right 
eyes of Group 5 (again largely the effect of the presence of 
one or more outliers in this age group). For the right eyes 
of Group 5 there is leptokurtosis for the components 
h 1 , h 2 and h 3 across all meridians. In the other groups the 
profiles for skewness, kurtosis and standardized mean 
deviation for h 1 , h 2 and h 3 are closer to the expected values 
for normality. 
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Figure 4.19 Meridional profiles of skewness, kurtosis and 
standardized mean deviation for the excesses of retinoscopy 
over subjective refraction. a) Group 1 b) Group 2 c) Group 3 
d) Group 4 e) Group 5 f) Group 6. In each group profiles for 
the right eyes are represented on the left-hand side and for 
the left eyes on the right-hand side. 
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The confidence ellipsoids, trajectories of mean excesses and 
meridional profiles for the excesses of retinoscopy over sub-
jective refraction suggest the following: 
As previously mentioned the effects of outliers are pro-
found and the size, shape and location of the confidence 
ellipsoids can be significantly affected by the presence of 
one, or a few, outliers. This was the case with Groups 5 and 
6. 
The mean excesses of retinoscopy over subjective ref rac-
tion in most of the groups (see Table 11) are fairly small and 
hyperopic. In some instances such as for Groups 3, 5 and 6 
the excesses are greater however. 
For all the groups the mean excess is significantly dif-
ferent from (0 0 O)' D at a 95% level of confidence. 
The mean excesses for the right eyes are slightly more 
hyperopic than for left eyes and thus in this study retinos-
copy and subjective refraction generally produced more similar 
results for the left eyes than for the right eyes. 
4.4.3 Strengths of the excesses of retinoscopy over sub-
jective refraction 
Appendix D3 indicates the strengths and cumulative percen-
tages for the excesses of the different age groups. For 
almost all the groups most eyes have strengths of the excesses 
of less than 2 D and 100% of the eyes (right or left) have 
strengths less than 3 D. The exception is Group 5 where many 
eyes (about 25%) have strengths greater than 3 D. 
In Figure 4.20 the profiles for the various age groups are 
similar except for Groups 5 and 6. The profile for Group 5 is 
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the one that is shifted furthest to the right relative to the 
profiles for the other groups. It can be observed from the 
graphs too that most eyes have strengths of less than 2 D and 
that at a 'strength of about 3 D almost 100% of the eyes in the 
different age groups are included (except for Group 5). 
Figure 4.20 Profiles of the cumulative percentages of 
strengths of the excesses of retinoscopy over subjective 
refraction for the six age groups. Group 1 is represented 
with a solid line with asterisks, Group 2 with a solid line 
with circles, Group 3 with a broken line with asterisks, Group 
4 with a broken line with circles, Group 5 with a dotted line 
with asterisks, Group 6 with a dotted line with circles. 
4.5 Outliers and departures from multivariate normality 
Because there were only 40 eyes in each age group in this 
study and since in most instances very obvious outliers were 
not present it was decided not to remove them in the previous 
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analysis (Sections 4.1 to 4.4). There also remains some 
uncertainty in multivariate statistics as to the proper 
identification of outliers and so it was decided to adopt the 
aforementioned approach. However, where necessary in these 
earlier sections mention was made of their potential 
influences and a fuller discussion of removal of outliers with 
suitable examples is now included. As already mentioned 
outliers can have important effects particularly upon 
variance-covariance matrices, or upon confidence or 
distribution ellipsoids, or upon meridional profiles of either 
variance-covariance or of skewness, kurtosis and standardized 
mean deviation. Means are more robust to the effects of 
outliers and other departures from multivariate normality. 
Data for the excesses of autorefraction over subjective 
refraction (Appendix C) will be used here to illustrate some 
of these effects. Examination of the scatter plot for the 
left eyes of Group 1 shows one or more possible outliers (see 
Appendix C1 and Section 4.2.3). For example, an isolated 
asterisk is found at the bottom of the scatter plot for the 
excesses of the left eyes of this group. From meridional 
profiles of dioptric power outliers also can be identified. 
On Figure 4.8a for the left eyes of Group 1 the profile at an 
ordinate of about -6 D on the graph for the components h l and 
h 3 represents the outlier also described for the scatter plot 
of this eye in Appendix C1. For Figure 4.8a for the eyes of 
Group 1 on the graph for the components h 2 a profile also 
departs from the others and indicates a significant change in 
torsional power across the meridians whereas the other 
profiles on this same graph are much more uniform across the 
meridians. 
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Figure 4.21 Meridional profiles of dioptric power for the 
left eyes of Group 1 as we progressively exclude outliers from 
the sample. a) sample with one outlier removed b) sample with 
two outliers removed c) sample with three outliers removed. 
1010 	 120 	 140 	 160 
	
160 . 
Figure 4.21 indicates meridional profiles of dioptric 
power for excesses of autorefraction over subjective 
refraction for the left eyes of Group 1 as we progressively 
exclude three possible outliers from the sample. Figure 4.8a 
shows the situation with the three outliers included whereas 
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Figure 4.21c are the meridional profiles of dioptric power for 
the excesses of autorefraction over subjective refraction for 
the left eyes of Group 1 but with three outliers removed. 
Table 14 shows how the mean excess for the left eyes of 
Group 1 changes as the different outliers are excluded from 
the sample data. 
Table 14: Mean excesses of autorefraction over subjective 
refraction for the left eyes of Group 1 as we progressively 
remove three outliers (b, c and d) from the original sample 
(a). The mean excesses are shown both in conventional and in 
h-notation. 
original sample 
sphere 	 cyl 	 axis 	 h i 	 h 2 	 h3 . 
	
-0.46 	 -0.24 	 173 	 -0.4642 -0.0397 -0.6932 
sample with one outlier removed 
sphere 	 cyl 	 axis 	 hi 	 h 2 	 h 3 
	
-0.31 	 -0.25 	 175 	 -0.3133 -0.0295 -0.5548 
sample with two outliers removed 
sphere 	 cyl 	 axis 	 hi 	 h 2 	 h 3 
	
-0.31 	 -0.21 	 177 	 -0.3084 -0.0168 -0.5142 
sample with three outliers removed 
sphere 	 cyl 	 axis 	 hi 	 h2 	 h 3 
	
-0.25 	 -0.20 	 178 	 -0.2542 -0.0084 -0.4582 
Removal of the three outliers resulted in the mean excess 
becoming slightly less myopic and astigmatic. In Figure 4.22 
95% confidence ellipsoids about the mean are shown. Figure 
4.22a is for the whole sample and this ellipsoid also can be 
found in Figure 4.6b while the other ellipsoids (4.22b, c and 
d) indicate the effects of removal of outliers. 
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Figure 4.22 Confidence ellipsoids (95%) for the mean excess 
of autorefraction over subjective refraction for the left eyes 
of Group 1. a) Sample with outliers included b) Sample with 
one outlier removed c) Sample with two outliers removed d) 
Sample with three outliers removed. The tick interval in all 
four graphs is 0.25 D and the origin is at 0 D. 
The location and orientation of the 95% confidence 
ellipsoid for the mean excess of autorefraction over 
subjective refraction for the left eyes of Group 1 can be seen 
to be changed by the removal of the outliers. Also reduction 
in the volume of the 95% confidence ellipsoids can be observed 
as the outliers are progressively removed from the sample 
(Table 15). A comparison of Figures 4.22a and d demonstrates 
that removal of these three outliers has quite a pronounced 
effect in reducing the longest diameter of the ellipsoid. 
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Table 15: The volumes in dioptres cubed (D 3) of the 95% 
confidence ellipsoids on the mean excess of autorefraction 
over subjective refraction for the left eyes of Group 1. 
Volume 
sample with outliers included 	 0.0167 
sample with one outlier removed 	 0.0082 
sample with two outliers removed 	 0.0058 
sample with three outliers removed 0.0043 
Meridional profiles of variance-covariance of dioptric 
power are also sensitive to the presence of outliers. Figure 
4.23 demonstrates the effects of removal of outliers from the 
excesses for the left eyes of Group 1. 
a) 	 b) 
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Figure 4.23 Meridional profiles of variance-covariance of 
dioptric power for the excesses of autorefraction over 
subjective refraction for the left eyes of Group 1 as outliers 
are removed from the sample. a) sample with outliers included 
b) sample with one outlier removed c) sample with two outliers 
removed d) sample with three outliers removed. The scales are 
the same for all graphs. 
Comparing Figure 4.23a to d clearly demonstrates that 
removal of the outliers reduces the variances of the 
components h l and h 3 and also reduces the covariance of h l and 
h 3. The variances and covariances also become more uniform 
across meridians. 
For this example the effects of removal of outliers upon 
the variance-covariance matrices are represented in Table 16. 
Removal of the outliers (parts b to d in Table 16) reduces the 
variances and covariances quite markedly. However, the corner 
entries remain the largest and are similar in magnitude (part 
d). Thus, mainly spherical variation remains present but of 
much smaller magnitude than what was originally concluded 
(from examination of the initial variance-covariance matrix in 
part a of Table 16). 
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Table 16: Variance-covariance matrices of the excesses of 
autorefraction over subjective refraction for the left eyes of 
Group 1. 	 Units are D 2 for all entries. 
 
Sample with outliers included 1.1403 0.0822 1.0462 
0.0822 0.0260 0.0996 
1.0462 0.0996 1.0490 
 
Sample with one outlier removed 0.2363 0.0215 0.2168 
0.0215 0.0224 0.0445 
0.2168 0.0445 0.2902 
 
Sample with two outliers removed 0.2418 0.0196 0.2147 
0.0196 0.0166 0.0251 
0.2147 0.0251 0.2321 
 
Sample with three outliers removed 0.1338 0.0024 0.1022 
0.0024 0.0143 0.0075 
0.1022 0.0075 0.1163 
If we consider the meridional profiles of skewness, 
kurtosis and standardized mean deviation for this example then 
Figure 4.24 demonstrates the effects of removal of outliers. 
Figure 4.24a shows significant departures from normality, 
for example, leptokurtosis of the components h 1 , h 2 and h 3 . 
Negative skewing of components h l and h 3 also is present and 
there are regions of negative and positive skewing of 
component h 2. Following removal of three outliers Figure 
4.23d demonstrates that the sample now demonstrates no 
significant departure from normality. 
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Figure 4.24 Meridional profiles of skewness, kurtosis and 
standardized mean deviation for the excesses of autorefraction 
over subjective refraction for the left eyes of Group 1 as 
outliers are removed from the sample. a) sample with outliers 
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included b) sample with one outlier removed c) sample with two 
outliers removed d) sample with three outliers removed. The 
scales are the same for all graphs. 
Hypothesis tests on equality of variance-covariance for 
the excesses of autorefraction over subjective refraction for 
Groups 1 to 6 (see Appendix El) showed significant differences 
in variance-covariance at a 95% level of confidence. Also, in 
Appendix E2 the hypothesis test for equality of mean excesses 
of autorefraction over subjective refraction in Groups 1 to 6 
showed significant difference in the means at a 95% level of 
confidence. Following the removal of the three possible 
outliers repetition of these hypothesis tests did not change 
the abovementioned decisions. However, in some instances 
removal of outliers may produce changes in the results of the 
hypothesis tests performed. 
In Appendix C two other samples (that is, the left eyes of 
Group 1: excesses of autorefraction over retinoscopy - see 
Appendix C2 and the right eyes of Group 5: excesses of 
retinoscopy over subjective refraction - see Appendix C3) also 
demonstrate possible outliers. Removal of these outliers show 
similar effects as demonstrated for this example of the 
excesses of autorefraction over subjective refraction for the 
left eyes of Group 1. 
In this section outliers have been shown to have profound 
effects on various quantitative and qualitative methods of 
analysis including confidence ellipsoids, variance-covariance 
matrices and meridional profiles. Other departures from 
multivariate normality similarly have important effects and 
should always be considered. To avoid problems with outliers 
and departure from normality sample size should be as large as 
possible. Further research remains, however, essential in 
this area of statistics, mostly concerning the proper 
procedures necessary to identify outliers and to transform 
data (Blackie and Harris, 1997) to reduce departures from 
normality., 
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5. DISCUSSION 
5.1 General 
To evaluate the reliability and validity of objective 
methods used to measure the visual system, there has to be a 
measure for comparison. In the case of measurement of 
refractive state this measure usually would be regarded as the 
subjective refraction. Previous researchers generally have 
adopted this approach. However, subjective refractive methods 
are not without their disadvantages and problems. For 
example, during subjective refraction there sometimes is no 
easily determined or proper end point.' This problem with 
subjective refraction becomes even more complicated if more 
than one measurement of subjective refraction is compared..  
This and other problems are a consequence of subjective 
refraction being doubly subjective in its nature. Not only 
does variation between results depend upon the subject's or 
patient's responses but also there is variability occurring 
within the practitioner, or between different practitioners 
where more than one is involved. These same criticisms also 
apply to repeated observations or measurements of subjective 
refraction over time (Rosenfield and Chiu, 1995, Goss and 
Grosvenor, 1996). According to other researchers such as 
French and Jennings (1974) conventional refraction also can be 
prone to many errors or biases. For example, modifying 
cylinder axes slightly towards the horizontal or vertical 
meridian. Nonetheless, in their study of subjective 
refraction they found inter-examiner agreement with subjective 
refraction within 0.25 D to be 73% for the sphere component 
and 85% for cylinder power. They also found the reliability 
to be best for refractions from about -2 D to 0.5 D (nearest 
equivalent spheres), and to be less satisfactory on either 
side of that range. Also, Goss and Grosvenor in 1996 reviewed 
studies on the reliability of refraction. The intra-examiner 
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and inter-examiner reliability of subjective refraction in 
most studies were close to 80% agreement within 0.25 D and 95% 
agreement within 0.50 D in terms of nearest equivalent 
spheres. Rosenfield and Chiu also examined the repeatability 
of objective refraction and subjective refraction under masked 
conditions. They concluded that with either assessment 
technique, a change in refractive error of at least 0.5 D 
(nearest equivalent spheres) should be adopted as the minimum 
significant shift in refractive status. Despite the 
criticisms and potential disadvantages, I, as is usually the 
case with previous studies, also adopted the criterion of 
using the final subjective findings as the standard test of 
measure. To this end results of subjective refraction were 
subtracted from those of autorefraction and reference has been 
made to the differences or excesses of autorefraction over 
subjective refraction (see Section 4.2.3). Likewise in the 
case of the excesses of retinoscopy over subjective refraction 
in Section 4.4.1 the results of subjective refraction were 
subtracted from those of retinoscopy. In the other comparison 
(Section 4.3.2) retinoscopy was treated as the standard and 
the excesses of autorefraction over retinoscopy were 
considered. This study, however, is more directly concerned 
with the issues of the comparability of different methods of 
measuring refractive state than it is with inter- or 
intra-examiner validity and reliability. To this end various 
approaches have been used including consideration of the 
excesses of paired methods (for example, autorefraction and 
subjective refraction). The study also is concerned with 
inter-subject variation over age and scatter plots (Appendix 
B), for example, are used to explore this aspect. The sample 
sizes within each of the different age groups (Table 1) are 
fairly small but this study is, however, the first to use the 
types of approaches contained herein to consider the various 
complex issues involved in measurements of refractive state in 
black South Africans. Further research is ongoing to more 
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completely understand the distributions of refractive state in 
South Africa (Joubert and Harris, 1997, Rubin and Harris, 
1997). This is, of course, a very complex field of study and 
this study can contribute only a small part towards a broader 
understanding of the various issues involved. This type of 
study is important, however, in working towards the proper 
assessment of the needs of eye- and vision-care in South 
Africa and also has a role to play in the more effective 
provision of health-care services in this and perhaps other 
less-developed parts of the world. There also are 
implications from this work for similar studies in other 
more-developed regions of the world. -Mainly these 
implications concern the mathematical, statistical and 
graphical approaches that have been utilized herein to 
evaluate and analyse the results of the various data 
collected. 
Conclusions from the results of previous studies involving 
the measurement of refractive state (see Section 2) often are 
unsatisfactory due to inappropriate or incomplete methods of 
data analysis. This was largely as a result of the 
unavailability of suitable multivariate methods within 
optometry and ophthalmology. Many of these studies also had 
other limitations such as small sample sizes, and in several 
cases too few measurements were obtained of the relevant 
variables being investigated. Often data from right and left 
eyes is lumped together for analysis without proper regard for 
the appropriateness of this procedure. However, in this 
dissertation an attempt has been made to avoid many of these 
problems in addressing the relationships between various 
methods of measuring refractive state in black South Africans 
of different ages. 
Different methods of measuring refractive error do not 
eliminate or control accommodation or other extraneous 
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variables to the same extent, and it is thus imperative when 
evaluating the refractive state of an eye to take age into 
consideration. Although some researchers such as Joubert and 
Harris (1997) have evaluated the relationship between 
autorefraction and subjective refraction with dependence on 
age, much of the work done previously in this field did not 
take age into account to any great extent. Often subjects 
were lumped into a single group with age ignored. However, it 
is generally believed that accommodation is very active in 
young eyes and studies have shown the difficulties that may 
arise from inadequate or unsuccessful control of this variable 
(Koetting, Akerman and Koetting, 1983, Miller, Wesner, Pigion 
and Martins, 1984, Saunders and Westall, 1991 and Villada, 
Raj, Lewis, Joyce and Watson, 1992). Some studies have used 
cycloplegia, artificial pupils or other means (Volk, 1955 and 
Kinge, Midelfart and Jacobsen, 1996). However, many studies 
have ignored this variable and lumped young and old eyes 
together for analysis. The analysis becomes even more 
problematic sometimes because right and left eyes are mixed 
together without consideration as to the reasonableness of 
such an approach. 
This study should be considered as an early exploration 
into the various relationships mainly between autorefraction 
and subjective refraction, and between autorefraction and 
retinoscopy, and also between retinoscopy and subjective 
refraction. In all three instances age has been regarded as 
an important variable and right or left eyes have been 
considered separately. Although there were some limitations 
(see Section 5.2) that could not easily be overcome, such as 
outliers or other departures from multivariate normality, 
various approaches were used to improve upon previous work by 
other researchers in this area of study. For example, the 
autorefractor that was used in this study was adjusted to 
round readings to 0.01 D, and ten measurements per eye were 
127 
obtained for each subject and then an average or mean 
autorefraction for the eye was determined. These measures 
assist in reducing departures from normality that might 
otherwise distort interpretation of results. Cycloplegia and 
artificial pupils were not used since this study was aimed at 
using modern multivariate statistical approaches to explore 
the comparability of different methods of measuring refractive 
state in eyes in their natural states. Very little was known 
about this aspect especially with regard to the geographic 
area of South Africa concerned in this work. Further research 
using the same statistical approaches will need to be 
performed however with eyes under cycloplegia and perhaps 
wearing artificial pupil contact lenses. 
Results were evaluated with the recently developed 
mathematical, statistical and computational methods developed 
mainly by Harris and Malan (see Section 2 and the references 
listed on pages 154 to 158). These multivariate statistical 
methods have the advantage of considering the refractive state 
or power as a single entity, rather than as three separate 
entities (sphere, cylinder and axis) as was often the case 
with most previous studies (Volk, 1955, Hobbs, Robert and 
Schimek, 1956, Hyams, Safir and Philpot, 1971, Koetting, 
Akerman and Koetting, 1983, Wesner and Young, 1986 and Elliot 
and Wilkes, 1989). Many of the other analytical difficulties 
of earlier studies such as the use of the scalar concept of 
the nearest equivalent sphere were avoided through the use of 
these methods. A modern and more satisfactory scalar concept, 
that of dioptric strength (Section 2.7) is an integral part of 
this analysis of the comparability of various methods of 
measuring refractive state. Reference in this dissertation 
has been made to the strengths of the excesses (Sections 
4.2.5, 4.3.4, 4.4.3 and Appendix D). Excesses of two methods 
of measuring refractive state, say autorefraction over 
subjective refraction, are not scalar quantities. They 
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represent the difference between the measurements of the two 
methods being compared and they are expressed in the form of a 
h-vector that can be represented (on a stereo-pair scatter 
plot, for example) in symmetric dioptric power space (Harris, 
1997(a)). A single excess can be represented by a point in 
dioptric power space and then the dioptric distance from that 
point to the origin (being no excess or having a h-vector of 
(0 0 0) /) is the strength of the excess. The closer the point 
is to the origin the smaller is the difference between the two 
refractive methods being compared and the smaller is the 
corresponding strength (of the excess). For a sample of 
paired measurements, of say autorefraction and subjective 
refraction, a mean excess can be determined and it represents 
the average or mean difference between the two methods being 
compared and these mean excesses for the various age groups 
are shown in Tables 5, 8 and 11 (see later in the discussion 
for further reference to these concepts). 
Although repeatability of autorefraction was not a direct 
interest of this study nonetheless an assessment of short-term 
variation was performed using an artificial or model eye. 
This aids in evaluating the contribution of the instrument and 
of the surrounding environment within which the instrument is 
placed. It also tells us something about the contribution to 
short-term variation of the user of the instrument. This type 
of investigation has been performed before by others (for 
example, Rubin 1994, and Van Gool and Harris, 1997) and the 
results of this study mostly are similar to that of their 
studies although in their work two or three samples of 
measurements obtained on different days are compared. In this 
dissertation an investigation of the diurnal variation of the 
instrument is considered for the first time by obtaining 
several samples of measurements during the course of a single 
day. This study also has an advantage in that it is one of 
very few that thus far have used modern multivariate 
approaches towards analysis of results obtained from 
autorefraction upon a model eye. 
Analysis of short-term variation across the day of a Canon 
Auto REF R-30 autorefractor on a model eye showed variability 
of small magnitude. In the absence of a human eye 
autorefraction is not very variable. This was found also by 
Rubin in 1994 and Van Gool and Harris in 1997. Autorefractor 
measurements differed only slightly depending on the time of 
the day measurements were taken (see Section 4.1 and Figures 
4.1 to 4.3 and 4.5). The respective means for measurements 
(Table 3) taken at 11h00, 13h00, 15h00 and 17h00 also agreed 
fairly well, although the nearest equivalent sphere of the 
mean for 09h00 taken immediately following the autorefractor 
being switched on was nearly a quarter diopter more myopic 
when compared with the nearest equivalent spheres of the means 
for measurements taken later during the day. (The means in 
conventional notation for measurements taken at 11h00, 13h00, 
15h00 and 17h00 were -5.03/-0.23 x 176, -5.08/-0.18 x 171, 
-5.06/-0.20 x 177 and -5.09/-0.16 x 178 respectively and for 
measurements taken at 09h00 the mean was -5.24/-0.16 x 170). 
From the scatter-plots for measurements taken on the model 
eye at different times of the day (Figure 4.1, page 48) 
slightly greater variability of measurements at 09h00 is 
represented by a looser cluster as compared with the tighter 
clusters or lesser spreads of measurements for later during 
the day. The slightly more myopic mean and the increased 
variability observed for measurements taken at 09h00 might 
relate to the temperature in the room in which the 
autorefractor was used or it might suggest aspects within the 
instrument itself - perhaps the temperature of the instrument. 
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This probably also indicates the importance of allowing this 
specific autorefractor (and possibly others) some time to warm 
up before being used to evaluate refractive error. 
However, from the means as indicated in Table 3 and above 
we can see that the mean refractive state (except for the 
sample at 09h00) is very close to the manufacturer's 
specification of the refractive state of the test eye (-5 D) 
and changes in mean refractive error for the different times 
of the day were relatively insignificant. Thus it seems 
reasonable to conclude that the instrument provides valid and 
reliable data in the absence of human eyes. 
Outliers appear to be relatively uncommon when measuring a 
model eye (see Figures 4.1 and 4.3) although other departures 
from normality such as multimodal distributions were found 
with this instrument when used upon a model eye (see Figures 
4.1, 4.3 and 4.4). Further research remains necessary to 
determine whether other autorefractors show a similar 
phenomenon and also to find the reasons for the occurrence of 
this phenomenon. One possibility is that this departure from 
multivariate normality may relate to the manner in which 
refocusing between individual measurements is performed. 
Between each measurement the instrument should be moved 
completely out-of-focus and then the examiner should refocus 
carefully before obtaining a measurement. If, instead of this 
approach, the examiner focuses the instrument and then obtains 
a few measurements without adequate refocusing and then 
refocuses and obtains further measurements before refocusing 
again then multimodal distributions might be expected to 
occur. Where practical, samples of measurements also should 
include as many measurements as possible. Here 50 
measurements per sample were obtained. Larger sample size 
probably will reduce the effects of departures from normality 
and this has important implications with regards to hypothesis 
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tests on equality of variance-covariance (Appendix El) and 
means (Appendix E2) and upon meridional profiles of 
variance-covariance (see Figure 4.2 especially at 09h00 and 
13h00 and 17h00). These hypothesis tests suggest that the 
variance-covariances and means are different for the various 
times of the day. However, these differences are small in 
magnitude and are much less than what is more typically common 
when an autorefractor such as this one is used upon human eyes 
(Rubin, 1994). Confidence ellipsoids (for example, Figure 
4.5) and their volumes are influenced also by the presence of 
outliers or other departures from normality such as polymodal 
distributions. 
Although autorefractors have some of the limitations 
already stated they can be used as reliable objective methods 
for measuring refractive errors particularly, in cases where 
subjective responses cannot be obtained from subjects such as 
preschool children, neurologically-impaired people and animals 
used for research purposes (Hobbs, Robert and Schimek, 1956, 
Koetting, Akerman and Koetting, 1983, McCaghrey and Matthews, 
1993 and Kinge, Midelfart and Jacobsen, 1996). Autorefractors 
may be used as an alternative to other perhaps more complex 
objective methods of assessing the refractive state, for 
example, based upon the use of visual evoked potentials. They 
are also valuable tools allowing one to measure short- and 
long-term variation of refractive state objectively. This is 
perhaps more difficult with other approaches such as 
retinoscopy or subjective refraction especially with regard to 
short-term variation. 
Analysis of results obtained with autorefraction (Section 
4.2.1 and Appendix B1), subjective refraction (Section 4.2.2 
and Appendix B2) and retinoscopy (Section 4.3.1 and Appendix 
B3) showed generally similar spreads or distributions of 
refractive errors for right or left eyes for the different age 
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groups (although this was less so for retinoscopy). This can 
be seen from their scatter plots in Appendix B. When 
comparing the scatter plots for the right or left eyes for the 
various methods (particularly subjective refraction and 
autorefraction) within any particular age group the spreads of 
measurements are similar. Thus in most eyes the measurements 
of refractive state with any of the (three) methods will 
produce fairly similar results. However, as we could expect 
there are also eyes for which this statement is less true. 
Thus the state of ametropia observed for the right or left 
eyes within each age group is fairly similar using 
autorefraction, subjective refraction and retinoscopy (see 
Appendices B1, B2 and B3). For all three methods the younger 
eyes (Groups 1, 2 and 3) display measurements clustered more 
tightly about the line of spheres than is the case with the 
spreads for the older age groups (Groups 5 and 6). This 
indicates the presence of greater astigmatism in the older age 
groups as compared with the younger age groups (see also 
Joubert and Harris, 1997). 
Also, from the scatter plots of Appendix B for the three 
methods (autorefraction, retinoscopy and subjective 
refraction) measurements cluster mostly around the origin 
(that is, the state of emmetropia). Thus most eyes have 
refractive errors near emmetropia. This is true for all 
groups, that is, irrespective of subject age. A possible 
shift towards hyperopia and more astigmatism with increasing 
age is apparent (see the means under the scatter plots in 
Appendix B). It was mentioned earlier that since this was a 
practice—based study it was possible that this shift in 
refractive state was related to the types of refractive errors 
seen in clinical practices rather than due to the ageing 
process itself. Patients with emmetropia or near emmetropia 
(and less vision related problems) are less likely to be 
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reflected in such distributions than are patients with more 
significant refractive errors and greater vision related 
problems.  Thus practice-based studies are not true 
reflections of the broader population and care should be 
exercised with regard to statistical analysis and inferences 
that may be made therefrom. Thus this shift towards hyperopia 
and more astigmatism with increasing age might be a reflection 
of the types of ametropias typically encountered in a clinical 
practice rather than actually being due to the effects of the 
ageing process itself. Joubert and Harris report a similar 
finding in their study (1997) and believed that this shift 
towards hyperopia and more astigmatism was due to the ageing 
process. 
When retinoscopy rather than autorefraction or subjective 
refraction was used to measure the refractive errors the 
spreads or distributions of measurements for the right and 
left were more dissimilar within each age group. Within each 
age group the means for the right eyes were slightly more 
hyperopic when compared to the means for the left eyes (for 
example, the means for Groups 2, 3 and 5 are 0.86/-0.15 x 7, 
0.95/-0.20 x 11 and 1.15/-0.42 x 71 for the right eyes and 
0.38/-0.03 x 0, 0.57/-0.05 x 50 and 0.96/-0.42 x 83 for the 
left eyes). The reason for this finding is uncertain but 
possibly may relate to an asymmetry in relaxation of 
accommodation of the right or left eyes during retinoscopy but 
whether or not a similar result will be found in other studies 
using multivariate methods and retinoscopy remains to be seen. 
If one considers instead the excesses (Sections 4.2.3, 
4.3.2 and 4.4.1 and Appendix C) then there are many eyes where 
the differences or excesses (of paired results, for example, 
from subjective refraction and autorefraction) are small. 
There are, however, other eyes where they are not. On average 
autorefraction measures an eye as being slightly more myopic 
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(or less hyperopic) and astigmatic than is the case with 
subjective refraction whereas retinoscopy measures an eye as 
being slightly more hyperopic and astigmatic than is the case 
with subjective refraction (and this effect is slightly 
greater for the right eyes when compared to the left eyes). 
Other researchers including Volk (1955), Perrigin et al. 
(1984), Wesner and Young (1986) and Elliot and Wilkes (1989), 
also found that on average autorefraction measures an eye as 
being slightly more myopic (or less hyperopic) and astigmatic 
than is the case with subjective refraction whereas 
retinoscopy measures an eye as being slightly more hyperopic 
and astigmatic than is the case with subjective refraction. 
These researchers, however, generally used less satisfactory 
methods, for example, based upon clinical intuitions or the 
concept of the nearest equivalent sphere or a comparison of 
only the spherical components from conventional notation of 
refractive state. 
Some of the findings in this study support earlier results 
of Malan (1994) and of Joubert and Harris (1997) who used 
similar multivariate methods of evaluating refractive state. 
(Malan, and Joubert and Harris, concentrated mainly on 
subjective refraction and autorefraction whereas my study also 
includes comparisons of subjective refraction and retinoscopy 
and of autorefraction and retinoscopy). For example, they 
found that there is a small but statistically significant 
difference on average for human eyes between autorefraction 
measurement and subjective refraction. Joubert and Harris 
(1997) found that the mean excess for all the age groups they 
considered was significantly different from (0 0 0) / D at a 
95% level of confidence. This mean excess was myopic, that 
is, autorefraction provides a more myopic (or less hyperopic) 
measurement generally than does subjective refraction. This 
becomes less true with advancing age. This effect probably 
reflects issues of instrument myopia and proximal 
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accommodation and changes with ageing. Their sample of 
patients (mainly from Johannesburg and its environs) included 
South Africans of various racial groups (mostly whites) 
whereas mine included only black South Africans. However, I 
found similarly that the autorefractor I used tends to measure 
an eye as being slightly more myopic, that is, less hyperopic 
than is the case with subjective refraction on the same eye 
and that this effect is slightly exaggerated in the younger 
eyes. Despite the various limitations highlighted in some of 
the previous studies (for example, Volk, 1955, Koetting, 
Akerman, and Koetting, 1983, Perrigin, Grosvenor, Reis and 
Perrigin, 1984, Woodruff, 1988, Elliot and Wilkes, 1989, Raj, 
Villada, Lewis, Joyce and Watson 1992 and Malan 1994) this 
same finding was observed by these researchers also. The 
conclusion itself and the quantitative estimates of the 
excesses (or differences) are however more reliable in Joubert 
and Harris (1997) and in my work because of the greater 
appropriateness of the statistical approaches utilized. 
My study also confirms the findings of Joubert and Harris 
(1997) that generally the refractive states of the right or 
left eyes of any particular subject were fairly similar within 
the different age groups. Within each age group both the mean 
spherical and astigmatic component of right or left eyes was 
similar. Rubin and Harris (1998) report a similar finding 
using autorefraction. 
In Joubert and Harris (1997) subjects of less than 10 
years of age were included in their youngest study group 
(Group 1), and as explained by them, subjects in this group 
were less randomly selected than for other subjects in their 
study. In my youngest group (Group 1) subjects from 6 to 15 
years were included and this probably contributes to the small 
difference observed in, for example, the mean excess of 
autorefraction over subjective refraction found in this age 
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group when compared with that of Joubert and Harris (1997). 
The mean excesses for the right and left eyes of 
autorefraction over subjective refraction for my Group 1 were 
-0.38/-0.17 x 177 and -0.46/-0.24 x 173 whereas for Joubert 
and Harris these excesses were -0.26/-0.16 x 9 and -0.22/-0.24 
x 163. Similar small differences in classification of 
subjects into particular age groups and in the resulting 
excesses for such age groups can be seen when comparing my 
work to that of Joubert and Harris (1997). 
I also found the nearest equivalent sphere of the mean 
autorefractor excess decreased by approximately 0.09 D per 
decade except from about 25 to 45 years of age where it showed 
a 0.06 D per decade increase. Joubert and Harris (1997) found 
the decrease in nearest equivalent sphere to be about 0.1 D 
per decade with increase in age. However, the increase that I 
observed during the ages from about 25 to 45 years was not 
reported by Joubert and Harris (1997). They found the 
greatest variation of autorefractive excess over subjective 
refraction to be approximately in the spherical direction in 
symmetric dioptric power space and it also appeared to be less 
for the older age groups than was found for the younger age 
groups. They highlighted the fact that this finding must be 
looked at with some caution because of departures from 
normality. These findings are also observable in my work (see 
Appendix C1 and Section 4.2). 
The findings in this dissertation for the excesses of 
autorefraction over subjective refraction suggest that 
objective automated refractors may be used as starting points 
for subjective refraction. In at least some eyes 
autorefraction could serve as an alternative to subjective 
refraction. However, because there are individual eyes for 
which the excess of autorefraction over subjective refraction 
is fairly large, one probably should not at this stage 
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prescribe spectacle compensations directly from 
autorefraction. A similar conclusion was reached by Malan in 
1994 and Joubert and Harris in 1997. This conclusion 
similarly has been reached also in most of the studies 
previouly described in Section 2 again despite the various 
limitations applying to the methods used in some of these 
studies as discussed (Volk, 1955, Hyams, Safir and Philpot, 
1971, Koetting, Akerman and Koetting, 1983, Perrigin, 
Grosvenor, Reis and Perrigin, 1984, Wesner and Young, 1986, 
Wesemann and Rassow, 1987, Tunnacliffe and Lomas, 1989, Elliot 
and Wilkes, 1989(a) and (b), Raj, Villada, Lewis, Joyce and 
Watson 1992, McCaghrey and Matthews, 1993, Strang, Winn, Gray 
and Pugh, 1996, and Kinge, Midelfart and Jacobsen, 1997). 
As mentioned Joubert and Harris (1997) did not include 
retinoscopy in their study. I found autorefraction measures 
an eye as being slightly more myopic (or less hyperopic) than 
is the case with retinoscopy for the same eye. This finding 
has been observed previously (Volk, 1955, Woodruff, 1988 and 
Elliot and Wilkes, 1989). But this finding contrasts with 
others, for example, that of Berman, Nelson and Caden in 1983. 
However, in their study each technique was performed by a 
different examiner, the dioptric power was resolved into 
nearest equivalent spheres, few measurements of autorefraction 
were taken for each eye and also contact lens wearers were 
examined while wearing their lenses. My study suffered from 
none of these difficulties. 
I also found that the mean excesses when autorefraction is 
compared with retinoscopy (Table 8) are more myopic or less 
hyperopic than the mean excesses when autorefraction is 
compared with subjective refraction (Table 5). More 
dissimilarity in the behaviour of the right and the left eyes 
also was observed. For all age groups the nearest equivalent 
sphere of the mean excess when autorefractor is compared to 
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retinoscopy is approximately 0.36 D more myopic and less 
astigmatic for the right eyes than for the left eyes. Thus, 
there was better agreement in general for refractive state 
when using autorefraction and subjective refraction than for 
autorefraction and retinoscopy. 
The difference between the right and left eyes for mean 
excesses of retinoscopy over subjective refraction was small. 
The nearest equivalent sphere of the mean retinoscopic 
excesses for all 6 groups is approximately 0.36 D more 
hyperopic for the right eyes than for the left eyes. This 
difference in the refractive state of'the right and left eyes 
also was observed in the case of the excesses of 
autorefraction over retinoscopy. On average retinoscopy tends 
to measure the eye as being more hyperopic and astigmatic than 
does subjective refraction and this effect was slightly 
greater in the older eyes. As already suggested, these 
findings may be related to control of the accommodative 
mechanism or to other factors such as the various changes in 
ageing eyes such as decrease in pupil size, loss of 
transparency in the cornea or lens or changes in the 
accommodative system in particular. Some of these effects 
also may result in retinoscopic evaluation of older eyes being 
made more difficult and less reliable than in younger eyes and 
these issues need to be evaluated in future studies using 
modern multivariate approaches. 
Departures from multivariate normality such as skewness, 
kurtosis or outliers can have profound effects on various 
quantitative results and care must be taken, for example, when 
interpreting graphs such as confidence ellipsoids or 
meridional profiles. Outliers sometimes need to be removed 
from data to avoid erroneous conclusions being made. An 
example of this process was demonstrated in Section 4.5. 
Removal of outliers tends to a) reduce volumes and sizes of 
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ellipsoids, b) change their locations and shapes, c) modify 
the entries in variance-covariance matrices, d) increase the 
likelihood of uniformity in variance-covariance profiles, e) 
change the mean excess of a sample of excesses, f) diminish 
departures from multivariate normality such as skewness and 
kurtosis and g) possibly change results on hypothesis tests on 
equality of variance-covariances and on equality of means in 
some instances. Many factors may produce departures from 
normality including inadequately small sample sizes, or round 
off. This is true of many autorefractors that round 
measurements to 0.125 D or 0.25 D. Similar round off problems 
occur with retinoscopy and subjective refraction. Other 
biases also may occur with subjective refractive approaches 
such as when using duochrome to leave patients 'red best'. 
Such biases also may result in departure from multivariate 
normality. 
In Appendix E results for hypothesis tests of equality of 
variance-covariance and for equality of the means are given. 
These tests are provided for the test eye (Section 4.1), 
autorefraction (Section 4.2.1), for subjective refraction 
(Section 4.2.2), retinoscopy (Section 4.3.1) and for the 
excesses of paired measurements (see Sections 4.2.3, 4.3.2 and 
4.4.1). Hypothesis tests of equality of variance-covariances 
and of equality of means assume the populations from which the 
samples have been drawn have a multivariate normal 
distribution - and this has been shown not to be true for some 
cases herein. Also, tests on hypothesis on means assume 
equality of variance-covariance which also has been shown not 
to have been met in all cases. Consequently care should be 
exercised and thus not too much emphasis has been placed upon 
the use of hypothesis tests in this dissertation. There is 
still a fair amount of uncertainty in the field of statistics 
as to the proper use of hypothesis tests especially with 
regard to multivariate data such as refractive state. The 
results of these hypothesis tests are described in the 
conclusion (Section 6). 
Despite the various differences and limitations observed, 
in general, the three methods of measurement of refractive 
state which were evaluated produced roughly similar results 
for the same eye although there were exceptions for which this 
was not true. They can therefore be used in clinical practices 
to complement one another with the different limitations of 
each technique being taken into consideration. This study has 
its primary significance in that it uses proper multivariate 
methods to provide quantitative data for the first time in 
black South Africans of varying ages and provides and expands 
our knowledge concerning various aspects such as distributions 
of refractive state and mean refractive state (Appendix B), 
and compares the various methods of measuring refractive state 
with the aid of means, variance-covariances and other 
approaches such as excesses and strengths of the excesses 
(Appendices C and D). 
5.2 Limitations of the study 
The measurements of autorefraction (using a Canon Auto REF 
R-30) upon a model eye were found to vary across the day 
although the magnitude of the variation was small. Other 
instruments might be less or more variable than this 
particular one. Polymodality of the spread of measurements 
was also observed. This departure from normality probably 
results from the manner in which measurements were taken (ten 
successive measurements were taken at a time before printing 
was done). In future studies it would probably be better to 
print the result of each measurement directly after it is 
obtained. This approach would assist in ensuring that data 
measurements are more strictly independent. The approach of 
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printing after ten measurements on the model eye was used 
because this method was considered appropriate for use on the 
human eyes (see page 42). 
Subjects were examined at different times during the day 
and very little is known about diurnal variation in 
autorefraction, or subjective refraction, or retinoscopy 
especially with regard to using modern multivariate approaches 
to data analysis. 
Our sample does not represent a truly random selection 
from a normally distributed population since this study was 
based upon a clinical or practice-based population. Thus 
emmetropes and people with low refractive errors may be less 
well represented. People with minimal or no visual complaints 
also may be under represented in the sample. Subjects of 
lower socioeconomic class are apt to be less well represented. 
Also, subjects in Groups 2, 3, 4, and 5 were more randomly 
selected than subjects in Groups 1 and 6. By necessity of 
their more limited numbers subjects who fell into these latter 
two groups and came to have their eyes examined were almost 
all included in the study. Subjects in the other groups were 
more numerous and fewer of them eventually were included in 
the study. The randomized selection of subjects was thus less 
effective in the youngest and the oldest groups (Groups 1 and 
6) than with the other age groups. 
The assumption of multivariate normality that applies to 
various graphical and quantitative methods such as confidence 
ellipsoids and meridional profiles of variance-covariance was 
observed as far as possible. Some methods such as confidence 
ellipsoids and meridional profiles of variance-covariance as 
used in analysis in this dissertation are valid only under the 
usual assumptions of multivariate normality, and departures 
from multivariate normality were found in some of the scatter 
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plots examined. Thus the presence of departures from 
normality such as outliers, skewness or kurtosis suggests 
caution in interpretation of some results. Unfortunately at 
present, there are no completely satisfactory methods to 
identify outliers or to transform data adequately so as to 
reduce or remove these problems entirely. This is particular 
true of multivariate data such as involving refractive state. 
Increasing the sample size as far as possible within each age 
group could be used to improve results in future research of 
this kind. 
Our sample consisted entirely of black South Africans; to 
what extent the results obtained can be said to be true of the 
general population of South Africa remains an issue to be 
investigated in further studies. 
The nature and duration of this study made it be difficult 
to have complete control of some variables, and this could 
have had effects on the results obtained, for example, ambient 
temperature in the rooms in which autorefraction and 
retinoscopy and subjective refraction were performed was not 
controlled. 
The nature of subjects used, the manner in which 
instructions were given to respective subjects, and the 
mannner in which the examiner conducted different examinations 
no doubt had some influence on the results even though an 
attempt was made always to use similar instructions and 
procedures for all subjects. 
As is generally the case, an assumption in this 
dissertation is made that the subjective refraction is the 
most correct or true measurement of refractive state for the 
subjects. However, this is not necessarily true. There is 
variability in subjective refraction and people will accept a 
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small spherical or astigmatic under- or over-correction. 
Unlike in retinoscopy or in objective autorefraction the final 
results in subjective refraction are determined in accordance 
with visual acuities, and the resulting refractive state may 
be influenced by the examiner's intention to provide best 
visual acuities or the patient's desire to obtain maximum 
acuity. Possible biases, such as increasing negative sphere 
(over-minusing) slightly to increase acuity may occur 
sometimes with some examiners. The use of methods such as 
duochrome or binocular balancing also are fraught with 
difficulties, especially in some subjects. A trained examiner 
also can use visual acuities, knowledge of the visual system, 
age of the patient, history of the specific patient, et cetera, 
to get a clue of the type and amount of the refractive error 
possibly manifesting in a particular subject and this may 
result in possible inaccuracies or biases. Since 
uncompensated visual acuities also were evaluated prior to the 
performance of the retinoscopic and the subjective refraction, 
these measurements of refractive state somehow may be biased 
to a greater or lesser extent by the examiner's previous 
experience and knowledge. It is likely that the true 
refractive error of an eye is represented somewhere within a 
small region of symmetric dioptric power space. Measures of 
refractive state explore this region and it is believed that 
studies of variation of, say, subjective refraction or of 
autorefraction will assist in understanding these issues more 
completely. 
In studies of retinoscopy or subjective refraction the 
skills and the knowledge of the clinician or experimenter 
involved are important aspects and may have profound 
influences upon the adequacy of the measurements obtained. In 
this study these measurements were obtained by an experienced 
clinician. Nonetheless, it is, probably advisable that in 
future studies of this type that an initial investigation of 
144 
experimenter or clinician repeatability of retinoscopic and 
subjective refraction in a small sample of eyes should be 
performed. This could help to have increased confidence in 
the eventual comparisons of refractive methods to be 
performed. Previous research, for example, by Goss and 
Grosvenor (1996) has shown good repeatability both within and 
between experienced clinicians with regard to retinoscopy and 
subjective refraction. 
In this study all right eyes, for example, were grouped 
together in their age ranges irrespective of whether they were 
dominant or non-dominant eyes. The criterion that was 
observed was that the right or left eyes be grouped 
separately. Perhaps in future studies separation of dominant 
from non-dominant eyes should be carried out so as to 
investigate the influences of dominancy more fully. 
Where practical sample size should be made large enough to 
allow for the option of separating male eyes from female eyes 
as regards data analysis. 
5.3 Directions for future research 
A great deal of research still has to be done in the 
fields of optometry and ophthalmology using recently developed 
multivariate computational and statistical methods for 
analysing refractive state. For example: 
The problem of outliers and departures from multivariate 
normality and suitable transformations of data is still a 
subject of ongoing study in our research group (Blackie and 
Harris, 1997 and Van Gool and Harris, 1997); perhaps future 
studies will be able to overcome this problem to a greater 
extent. 
145 
The results obtained in this study relate to blacks in a 
specific region in South Africa. To what extent the results 
are true for other blacks or to the general population in this 
or other cbuntries are still matters to be evaluated. The 
results of my work also may not be true for other races in 
South Africa. A great deal of further research to understand 
the distributions of refractive state in South Africa remains 
to be performed. 
In evaluating the performance of different techniques used 
to measure the refractive state, the standard measure for 
comparison generally is regarded to be the subjective finding. 
Whether or not this should be so remains to be studied. 
Improvements in design of autorefractors and in our 
understanding of short- and long-term variation in 
autorefraction may possibly modify thinking in this regard in 
the future. Much research remains to be carried out in 
addressing these issues. 
Future studies perhaps should look into grouping subjects 
not only into age-related categories but also according to the 
type or amount of refractive error present. This will assist 
in furthering our understanding of age-related changes in 
refractive state. 
Longitudinal studies of individuals as regards refractive 
state and ageing using multivariate statistical approaches 
also are important in furthering our understanding of the 
influences of ageing on refractive state. Trajectories of 
change in refractive state with ageing would be useful. In 
this study emphasis was placed upon inter-subject variation 
with regard to ageing rather than intra-subject variation by 
age. 
6. CONCLUSION 
The purpose of this study was to consider three methods of 
determining the refractive state. These methods were 
subjective refraction, autorefraction and retinoscopy. The 
differences or excesses of the results of paired methods (for 
example, subjective refraction and autorefraction) were 
determined after first placing subjects into six specific age 
groups. The age dependence of the excesses thus could be 
considered. Within each of the different age groups the 
strengths (s and s s ) of the excesses also were calculated. 
Underlying the determinations above is a desire to explore 
issues such as the feasibility of using methods such as 
autorefraction as an alternative to subjective refraction or 
retinoscopy. This issue is important for areas such as are 
found in parts of Africa or Asia where suitable resources and 
skilled persons in vision and eye-care sometimes are 
unavailable. 
Because this study is based upon recently developed 
statistical and computational methods necessary for the 
analysis of quantities such as refractive state some of the 
limitations of previous studies have been avoided. Unlike in 
much of the previous work here refractive state is not treated 
as three separate entities or transformed to nearest 
equivalent spheres, for example. A scalar concept, strength, 
is used where required but this new measure, from a 
mathematical and scientific point of view, is somewhat 
different from the concept of nearest equivalent sphere that 
has commonly been used previously. 
This study makes various contributions, some of them new, 
to our understanding or knowledge of the science, optometry. 
It confirms, firstly, some of the clinical intuitions or 
results of previous work but does so through the use of modern 
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and more satisfactory mathematical and statistical methods. 
Secondly, it provides quantitative measures that previously 
were unknown, or perhaps are known only slightly having been 
reported upon during the last few years by a few researchers 
such as Malan (1994) or Rubin (1994) or Joubert and Harris 
(1997) using similar research methodology. Some of these 
quantitative measures include mean excesses and 
variance-covariance matrices for the different age groups. 
Others include age-dependent volumes of 95% confidence 
ellipsoids about mean excesses. In the case of Appendix D1 
for the strengths of the excesses of autorefraction over 
subjective refraction, for example, between 50 to 72.5% of 
eyes (right or left) have a sphere equivalent strength (s s ) of 
less than 0.5 D. These are the eyes where a spectacle 
prescription based upon autorefraction only probably would be 
satisfactory. In Appendices D2 or D3 the percentage of eyes 
with s s < 0.5 D is smaller. Thus for the eyes in the different 
age groups the results of autorefraction and retinoscopy, or 
of retinoscopy and subjective refraction, were more dissimilar 
than for the case of autorefraction and subjective refraction. 
Appendix D also is useful for examining the strengths of the 
excesses in the different age groups. For example, from 
Appendix D1 in Group 1 about 52.5% of eyes (right or left) 
have s s < 0.5 D whereas in Group 6 between 55 to 70% have ss < 
0.5 D. This suggests that even in young individuals (Group 1 
included children aged 6-15 years) that spectacles prescribed 
directly from autorefraction probably would satisfy about half 
of the potential number of persons measured using 
autorefraction only. 
Besides their importance for prescribing spectacles 
directly without subjective refraction or retinoscopy, 
autorefractors are also useful for for examining short or 
long-term variation in refractive state. For example, Rubin 
(1994) considered short-term variation of autorefraction in 
148 
university students. Such variation, however, also can be 
explored with the use of model eyes and is important when 
considering aspects such as the validity and reliability of 
autorefraction. This study probably is the first to consider 
the diurnal variation of a model eye (Sections 4.1, 5 and 
Appendix E) using modern multivariate methods of analysis of 
refractive state. There were small but statistically 
significant differences in the variance-covariances and means 
obtained for the different times of the day. Nevertheless the 
mean refractive states observed from measurements taken at 
different times of the day on the model eye were fairly 
similar, and differed only slightly from the manufacturer's 
specification of the refractive state of the model eye. Thus, 
the instrument provides valid and reliable data when used upon 
a model eye. The variation in autorefraction observed with a 
model eye is small compared with that seen more typically with 
human eyes. Therefore much of the short-term variation 
observed when using the autorefractor on a human eye instead 
results mainly from factors other than the instrument itself 
(for example, factors such as accommodation, blinking and eye 
movement et cetera). Because autorefractors provide valid and 
reliable data they are useful in investigations of these 
factors and also to complement other methods currently used to 
evaluate the refractive state objectively. 
Outliers and other departures from multivariate normality 
have significant effects on different statistical methods (for 
example, involving confidence regions) used to analyse data 
and failure to recognize their effects can lead to faulty 
conclusions. Until there is greater certainty in multivariate 
statistics as to the proper identification of outliers, and as 
regards the appropriate transformations necessary for reducing 
departure from normality care should be exercised especially 
with regard to the aspects of adequacy of sample size. In 
this study outliers were found less commonly with 
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autorefraction upon the model eye rather than the human eyes. 
Other departures from multivariate normality were observed 
with both model and human eyes. For example, polymodality was 
found in some samples of autorefraction upon the model eye. 
Many of the statistics and methods used in this dissertation 
are based upon various assumptions such as that the data is 
multivariate normal. Means, however, are robust to departures 
from normality but this is less true for variance-covariances. 
Ellipsoids, distribution or confidence, and their volumes also 
are influenced profoundly by the presence of outliers or 
departure from normality. Greater caution should be exercised 
when considering inferences or conclusions from their use in 
various parts of this dissertation than for means, for 
example, when considering the mean excesses of autorefraction 
over subjective refraction (Appendix C1). In the case of 
these means no statistically significant difference was found 
across age although there was a statistically significant 
differende in the variation or spread of the excesses across 
age (Appendix E). For example, the oldest group had a 
slightly greater spread than the youngest group (if outliers 
are removed). This result is different from the work of 
Joubert and Harris (1997) where the spread was found to 
decrease slightly with age (possibly relating to diminishing 
accommodative ability in their view). In this study this 
difference across groups perhaps may relate to other changes 
in the ocular media due to the ageing process, for example, 
loss of transparency or macular function. 
Other results obtained in this study indicate the 
following: 
a) The means and spreads or distributions of refractive 
errors for the different samples for autorefraction, 
subjective refraction and retinoscopy in Appendix B indicate 
that for the right or left eyes the various methods 
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demonstrate a shift towards hyperopia and more astigmatism 
with increase in age and that many eyes in the samples had 
ametropia of small magnitude, that is, had refractive states 
near emmetropia). Hypothesis tests suggest that there are 
significant differences in the variance-covariances and means 
for the different age groups. However limitations and 
assumptions already described that influence such tests should 
be remembered. 
As regards the excesses of autorefraction over 
retinoscopy there was a statistically significant difference 
in the spread of the excesses across age (Appendix El). The 
older groups demonstrated a greater spread than the younger 
once (after removal of possible outliers). In the case of the 
mean excesses there was no statistically significant 
difference for the left eyes across age although there was for 
the right eyes (Appendix E2). Again various assumptions and 
limitations are pertinent here. The mean excesses show that 
an average autorefraction will measure an eye as being more 
myopic and astigmatic than will retinoscopy. This effect was 
smaller for the left eyes. 
Retinoscopy measures an eye as being slightly more 
hyperopic (or less myopic) and astigmatic than subjective 
refraction on the same eye. This effect is slightly 
exaggerated in case of pre-presbyopes and early presbyopes 
(from about 35 to about 45 years), and it is also slightly 
more noticeable for the right eyes when compared to the left 
eyes. There are statistically significant differences in 
spread and in mean excesses for the right and left eyes across 
age (Appendix E). The older groups show greater spread of 
their excesses. Again this possibly relates to aspects such 
as increased difficulty in obtaining measures of refractive 
state with retinoscopy or subjective refraction in older eyes 
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where media may not be as transparent as in younger eyes. 
Other difficulties due to smaller pupil diameters and possibly 
fatigue in older subjects also may be relevant. 
Neither retinoscopy or autorefraction should be used in 
isolation at this stage as a substitute for subjective 
refraction. However, with improvements in autorefractors and 
in our understanding of both short and long-term variation in 
autorefraction, it is likely that autorefraction eventually 
will become an important method of dealing with uncompensated 
errors of refraction particularly in areas such as Africa. We 
can expect to see technological improvements in 
instrumentation that will result in less expensive and 
smaller, hand-held autorefractors becoming available in the 
future. Although understanding autorefraction and its 
relationship to other methods of measurement of refractive 
state, such as subjective refraction and retinoscopy, may 
assist in solving some of the vision-care needs of less 
developed regions large amounts of work still remain to be 
performed to fully understand these different methods that 
typically are used to evaluate the refractive state of the 
human eye. It is hoped that my study has assisted towards 
this process. 
REFERENCES 
A.J. Adams, L.S. Wong, L. Wong and B. Gould, 1988. Visual 
acuity changes with age: some new perspectives. American  
Journal of Optometry and Physiological Optics 65 403-406. 
J. Bell, 1987. Doing Your Research Project. 2nd ed. Open 
University Press, Philadelphia. 
M. Berman, P. Nelson, and B. Caden, 1983. Objective 
refraction: comparison of retinoscopy and automated 
techniques. American Journal of Optometry and Physiological  
Optics 61 204-209. 
C.A. Blackie and W.F. Harris, 1997. Refraction and 
keratometry: departures from and transformations toward 
multivariate normality. Optometry and Vision Science 74 
452-458. 
I.M. Borish, 1975. Retinoscopy. In: Clinical Refraction. 3rd 
ed. The Professional Press, Inc. Chicago, Illinois. pp. 
659-695. 
M.A. Bullimore, R.E.Fusaro and C.W.Adams, 1998. The 
repeatability of automated and clinician refraction. 
Optometry and Vision Science 75 617-622. 
S. Cronje-Dunn and W.F. Harris, 1995. Keratometric variation: 
the influence of a fluid layer. Ophthalmic and Physiological  
Optics 16 234-236. 
D.B. Elliott, 1992. Estimating the reliability of clinical 
tests. Ophthalmic and Physiological Optics 12 111-115. 
152 
M. Elliot, T. Simpson, D. Richter and D. Fonn, 1997. 
Repeatability and accuracy of automated refraction: a 
comparison of the Nikon NRK-8000, the Nidek AR-1000, and 
subjective. refraction. Optometry and Vision Science 74 
434-438. 
D. Elliot and R. Wilkes, 1989(a). To ret or not to ret. . 
Optician 197(5196) 32-37. 
D.B. Elliott and R.D. Wilkes, 1989(b). A clinical evaluation 
of the Topcon RM6000 autorefractor. Clinical and Experimental  
Optometry 72 150-153. 
S.J. de Faria e Sousa, 1995. Author's reply. Addition of 
obliquely spherocylindrical lenses. Ophthalmic and  
Physiological Optics 16 266. 
C.N. French and J.A.M.Jennings, 1974. Errors in subjective 
refraction - an exploratory study. Ophthalmic and  
Physiological Optics 14 797-806. 
G.A. Ferguson, 1987. Statistical analysis in psychology and 
education. McGraw-Hill, London pp. 7, 8, 31. 
L.F. Garner, 1983. Mechanism of accommodation and refractive 
error. Ophthalmic and Physiological Optics 
 3 287-293. 
Gibbs, 1992. Autorefractors- Friend or Foe ? Optician 201 
(3) 23-34. 
Gilmartin, 1995. The aetiology of presbyopia: a summary of 
the role of lenticular and extralenticular structures. 
Ophthalmic and Physiological Optics 15 431-437. 
153 
154 
D.A. Goss and T. Grosvenor, 1996. Reliability of refraction-
a literature review. 	 Journal of the American Optometric  
Association 67 619-630. 
T. Grosvenor, D.M.Perrigin and J. Perrigin, 1983. Comparison 
of American Optical SR-IV refractive data with clinical 
refractive data on a group of myopic children. American  
Journal of Optometry and Physiological Optics  60 224-235. 
W.F. Harris, 1988(a). Algebra of sphero-cylinders and 
refractive errors, and their means, variance, and standard 
deviation. American Journal of Optometry and Physiological  
Optics 65 794-802. 
W.F. Harris, 1988(b). Squaring the sphero-cylinder, the 
equivalent of squaring the refractive power matrix. 
Ophthalmic and Physiological Optics 8 458-459 
W.F. Harris, 1988(c). The matrix representation of dioptric 
power. Part 1: an introduction. South African Optometrist 47 
19-23. 
W.F. Harris, 1989(a). The matrix representation of dioptric 
power. Part 2: adding obliquely-crossed sphero-cylinders. 
South African Optometrist 48 22-24. 
W.F. Harris, 1989(b). The matrix representation of dioptric 
power. Part 3: the average refractive error. South African 
Optometrist 48 81-88. 
W.F. Harris, 1989(c). Squaring the refractive power matrix, 
the equivalent of squaring the sphero-cylinder? Author's 
reply. Ophthalmic and Physiological Optics 9 94-96. 
W.F. Harris, 1989(d). Simplified rational representation of 
dioptric power. Ophthalmic and Physiological Optics 9 455. 
W.F. Harris, 1990(a). Comparison of dioptric power. 
Ophthalmic' and Physiological Optics 10 200-202. 
W.F. Harris, 1990(b). Elements of the dioptric power matrix 
and the concept of torsional power: a reinterpretation. 
Optometry and Vision Science 67 36-37. 
W.F. Harris, 1990(c). Direct, vec and other squares, and 
sample variance-covariance of dioptric power. Ophthalmic and  
Physiological Optics 10 72-80. 
W.F. Harris, 1990(d). Mean of a sample of equivalent dioptric 
powers. Optometry and Vision Science 67 359-360. 
W.F. Harris, 1990(e). The mean and variance of samples of 
dioptric powers: the basic calculations. Clinical and  
Experimental Optometry 73 89-92. 
W.F. Harris, 1990(f). Statistical inference on mean dioptric 
power: hypothesis testing and confidence regions. Ophthalmic 
and Physiological Optics 10 363-372. 
W.F. Harris, 1990(g). Generalising Long's inversion of the 
matrix form of Prentice's equation and the concept of 
generalized inverse dioptric power. Optometry and Vision  
Science 68 173-177. 
W.F. Harris, 1991(a). The generalized Prentice equation and 
the matrix equation for lens thickness solved simultaneously 
for dioptric power. Optometry and Vision Science 68 873-876. 
W.F. Harris, 1991(b). Representation of dioptric power in 
Euclidean 3-space. Ophthalmic and Physiological Optics 11 
155 
156 
130-136. 
W.F. Harris, 1991(c). Statistical inference on mean dioptric 
power: asymmetric dioptric powers and singular covariance. 
Ophthalmic and Physiological Optics  11 263-270. 
W.F. Harris, 1992(a). Joint distribution of sphere, cylinder, 
and axis. Optometry and Vision Science 69 787-792. 
W.F. Harris, 1992(b). Meridional profiles of 
variance-covariance of dioptric power. Part 1: The basic 
theory. Ophthalmic and Physiological Optics 12 467-470. 
W.F. Harris, 1992(c). Relation between meridional power and 
the dioptric power matrix. Optometry and Vision Science  69 
159-161. 
W.F. Harris, 1992(d). Testing hypotheses on dioptric power. 
Optometry and Vision Science 69 835-845. 
W.F. Harris, 1993. Keating's asymmetric dioptric power 
matrices, expressed in terms of sphere, cylinder, axis and 
asymmetry. Optometry and Vision Science 70 666-667. 
W.F. Harris, 1994. Dioptric strength: a scalar representation 
of dioptric power. Ophthalmic and Physiological Optics  14 
216-218. 
W.F. Harris, 1996(a). Scalar representation of dioptric 
power. Author's reply. Ophthalmic and Physiological Optics  
16 261-262. 
W.F. Harris, 1996(b). Matters Arising. Adding obliquely 
crossed spherocylindrical powers: a non problem. Ophthalmic  
and Physiological Optics 16 267-268. 
157 
W.F. Harris, 1996(c). Meridional profiles of 
variance-covariance of dioptric power: classes of variation 
that are partially and completely uniform across the meridians 
of the eye, In: Rubin A., Harris W.F, eds. Mopane 1996: 
Refraction and Keratometry: the Mathematics and Statistics, 
Conference Proceedings, Optometric Science Research Group, 
Johannesburg, 35-44. 
W.F. Harris, 1997(a). Dioptric power: its nature and its 
representation in three- and four-dimensional space. 
Optometry and Vision Science 74 349-366. 
W.F. Harris, 1997(b). Meridional profiles of 
variance-covariance of symmetric dioptric power: classes of 
variation that are uniform across the meridians of the eye.. 
Optometry and Vision Science 74 397-413. 
W.F. Harris, D.J. Malan and A. Rubin, 1991(a). The 
distribution of dioptric power: ellipsoids of constant 
probability density. Ophthalmic and Physiological Optics  11 
381-384. 
W.F. Harris, D.J. Malan and A. Rubin, 1991(b). Ellipsoidal 
confidence regions for mean refractive status. Optometry and 
Vision Science 68 950-953. 
W.F. Harris, D.J. Malan and A. Rubin, 1993. Variation of 
refractive status: its quantitative assessment. In: Brown B, 
Edwards M, eds. Proceedings of the Ninth Asian-Pacific 
Optometric Congress. Hong Kong, April 8 to 12, 1993; Beijing, 
April 13 to 15, pp. 147-150. 
W.F. Harris, A. Rubin and D.J. Malan, 1993. Reassessing 
autorefractors. Optician 206(5422) 35-38. 
158 
W.F. Harris and D.J. Malan, 1992(a). Meridional profiles of 
variance-covariance of dioptric power. Part 2: Profiles 
representing variation in one or more of sphere, cylinder and 
axis. Ophthalmic and Physiological Optics 12 471-477. 
W.F. Harris and D.J. Malan, 1992(b). Trajectories of changing 
refractive status. Optometry and Vision Science 69 959-965. 
W.F. Harris and D.J. Malan, 1993. Meridional profiles of 
dioptric power, skewness, kurtosis and mean deviation. 
Unpublished manuscript. 
G. Heron and C. Schor, 1995. The fluotuations of 
accommodation and ageing. Ophthalmic and Physiological Optics  
15 445-449. 
F.I. Hobbs, A. Robert and R.A. Schimek, 1956. The clinical 
value of the Rodenstock Refractometer. American Journal of 
Ophthalmology 42 59-63. 
D. Humphriss, 1958. Periodic refractive fluctuations in the 
healthy eye. British Journal of Physiological Optics 65 1-15. 
L. Hyams, A. Safir and J. Philpot, 1971. Bias and accuracy of 
retinoscopy. Archives of Ophthalmology 85 33-41. 
B.L. Johnson, J.S. Edwards, D.A. Goss, D.K. Penisten and D.W. 
Fulk, 1996. A comparison of three tests for astigmatism and 
their interexaminer reliabilities. Journal of the American  
Optometric Association 67 590-596. 
L. Joubert and W.F. Harris, 1997. Excess of autorefraction 
over subjective refraction: dependence on age. Optometry and 
Vision Science 74 439-444. 
M.P. Keating, 1980. An easier method to obtain the sphere, 
cylinder, and axis from an off-axis dioptric power matrix. 
American Journal of Optometry and Physiological Optics 57 
734-737. 
M.P. Keating, 1983. On the use of matrices for the mean value 
of refractive errors. Ophthalmic and Physiological Optics 3 
201-203. 
M.P. Keating, 1986. Dioptric power in an off-axis meridian: 
the torsional component. American Journal of Optometry and  
Physiological Optics 63 830-838. 
M. P. Keating, 1997. Equivalent dioptric power asymmetry 
relations for thick astigmatic systems. Optometry and Vision 
Science 74 388-392. 
M. P. Keating, 1997. Asymmetric dioptric power matrices and 
corresponding thick lenses. Optometry and Vision Science 74 
393-396. 
B. Kinge, A. Midelfart and G. Jacobsen, 1996. Clinical 
evaluation of the Allergan Humphrey 500 autorefractor and the 
Nidek AR-1000 autorefractor. British Journal of Ophthalmology  
80 35-39. 
R.A. Koetting, D.H. Akerman and R.R. Koetting, 1983. An 
evaluation of the Cavitron Autorefractor 7 with contact lens 
and non contact lens wearing patients. Journal of the  
American Optometric Association 54 115-118. 
W.F. Long, 1976. A matrix formalism for decentration 
problems. American Journal of Optometry and Physiological 
Optics 53 27-33. 
159 
160 
J.V. Lovasik, H. Kergoat and A.C. Kothe, 1987. The influence 
of letter size on the focussing response of the eye. Journal  
of the American Optometric Association 58 631-638. 
R.J. Maddock, M. Millodot, S. Leat and C.A. Johnson, 1981. 
Accommodative responses and refractive error. Investers of  
Ophthalmology and Vision Science 20 387-391. 
D.J. Malan, 1989. Applying the dioptric power matrix: 
computer program for practical calculations. South African  
Optometrist 48 89-99. 
D.J. Malan, 1990. Computer program for calculating mean 
refractive error. South African Optometrist 49 83-85. 
D.J. Malan, 1993. Dioptric power data analysis: Computer 
implementation of graphical methods with clinical examples. 
South African Optometrist 52 84-90. 
D.J. Malan, 1994. The excess of objective automatic  
refraction over clinical refraction: methods of analysis, and 
results. MPhil Dissertation in the Department of Optometry, 
Rand Afrikaans University, Johannesburg, South Africa. 
N.A. McBrien and S.T. Taylor, 1985. Effect of fixation target 
on objective refraction. American Journal of Optometry and  
Physiological Optics 63 346-350. 
G. McCaghrey, 1989. Autorefractors Friend or Foe? Optometry  
Today 29(6) 6-9. 
G. E. McCaghrey, 1990. Autorefractors. Optometry Today 26 
February 1990 31 (2) 12-15. 
161 
G. E. McCaghrey and Matthews, 1993. Clinical evaluation of a 
range of autorefractors. Ophthalmic and Physiological Optics  
13 129-137. 
R.J. Miller, M.F. Wesner, R.G. Pigion and K.D. Martins, 1984. 
Overaccommodation, underaccommodation, and the clinical 
phoropter: a study of instrument myopia and related effects. 
American Journal of Optometry and Physiological Optics 61 
293-303. 
U. Oechsner and R. Kusel, 1997. Multimeridional refraction: 
dependence of the measurement accuracy on the number of 
meridians refracted. Optometry and Vision Science 74 425-433. 
R.R. Pagano, 1994. 	 Statistics and scientific method. In: 
Understanding Statistics in the Behavioral Sciences, 4th Ed. 
West Publishing Company, New York. pp. 8-10. 
R.R. Pagano, 1994. Measures of central tendency and 
variability. In: Understanding Statistics in the Behavioral  
Sciences, 4th Ed. West Publishing Company, New York. pp. 
67-91. 
R.R. Pagano, 1994. 
	 Random sampling and probability. In: 
Understanding Statistics in the Behavioral Sciences, 4th Ed. 
West Publishing Company, New York. pp.175-186. 
D.M. Perrigin, T. Grosvenor, A. Reis and J. Perrigin, 1984. 
Comparison of Dioptron Nova refractive data with conventional' 
refractive data. American Journal of Optometry and  
Physiological Optics 61 479-483. 
D.M. Perrigin, J. Perrigin and T. Grosvenor, 1981. A clinical 
evaluation of the American Optical SR III Subjective Refractor. 
American Journal of Optometry and Physiological Optics 58 
581-589. 
R.G. Pigion and R.J.Miller, 1985. Fatigue of accommodation: 
changes in•accommodation after visual work. American Journal  
of Optometry and Physiological Optics 62 853-863. 
J.S. Pointer, 1995. Broken down by age and sex. The optical 
correction of presbyopia revisited. Ophthalmic and  
Physiological Optics 15 439-443. 
R.B. Post, C.A. Johnson and D.A. Owens, 1985. Does 
performance of tasks affect the resting focus of 
accommodation? American Journal of Optometry and  
Physiological Optics 62 533-537. 
T. Raasch, 1997. Clinical refraction in three-dimensional 
dioptric space revisited. Optometry and Vision Science 74 
376-380. 
T.W. Raasch, I.L. Bailey and M.A. Bullimore. Repeatability of 
visual acuity measurement. Optometry and Vision Science 75 
342-348. 
R.B. Rabbetts, 1995. Matters Arising. Scalar representation 
of astigmatism. Ophthalmic and Physiological Optics 16 
257-260. 
P.S. Raj, J.R. Villada, A.E. Lewis, P.W.Joyce and A. Watson, 
1992. Comparative evaluation of the Allergan Humphrey 570 and 
Canon RK-1 autorefractors: 1. Objective autorefraction in 
normal subjects. Eye 6 284-286. 
B.C. Reeves, A.R. Hill, S.C. Carter and J. Sparrow, 1992. 
Evaluation of two infrared autorefractors in pseudophakia. 
Ophthalmic and Physiological Optics 12 405-410. 
162 
163 
D.R. Reynolds and H.L. Poynter, T. Kansas and L. Maryland, 
1970. Diurnal variation in central corneal curvature. 
American Journal of Optometry and Archives of American Academy 
of Optomet•y 47 892-896. 
A. Roorda and W.R. Bobier, 1996. Retinoscopic reflexes: 
theoretical basis and effects of monochromatic aberrations. 
Journal of the American Optometric Association 67 610-618. 
M. Rosenfield and N.N. Chiu, 1995. Repeatability of 
subjective and objective refraction. Optometry and Vision 
Science 72 577-579. 
M. Rosenfield, K.J. Ciuffreda and H.W. Chen, 1995. Effect of 
age on the interaction between AC/A and CA/C ratios. 
Ophthalmic and Physiological Optics 15 451-455. 
A. Rubin, 1994. Short-term variation of refractive behaviour  
in human eyes. M. Phil. Dissertation in the Department of 
Optometry, Rand Afrikaans University, Johannesburg, South 
Africa. 
A. Rubin, 1995. Refractive variation during autorefraction: 
multivariate distribution of refractive status. Optometry and 
Vision Science 72 403-410. 
A. Rubin and W.D.H. Gillan, 1996. Variation during 
autorefraction: influence of different target types. 
Ophthalmic and Physiological Optics 17 38-43. 
A. Rubin and W.F. Harris, 1996. Variability of the refractive 
state: meridional profiles and uniform variation. In: eds. A. 
Rubin and W.F. Harris, Mopane 1996: Refraction and  
164 
Keratometry: the Mathematics and Statistics, Conference 
Proceedings, Optometric Science Research Group, Johannesburg, 
45-49. 
A. Rubin and W.F. Harris, 1997. Variability of the refractive 
state: meridional profiles and uniform variation. Optometry  
and Vision Science 74 414-419. 
A. Rubin and W.F. Harris, 1998. How different are the 
refractive states of the right and left eyes of an individual? 
South African Optometrist 57 96-104. 
T.O. Salmon and D.G. Horner, 1996. A -new subjective 
refraction method -the meridional polarized vernier optometer. 
Journal of the American Optometric Association 67 599-604. .  
L.S. Sasieni, 1986. The automated revolution. Optician 191 
(5038) 23-30. 
H. Saunders, 1985(a). Transformation of sphero-cylinders. 1. 
Ranking procedure. Ophthalmic and Physiological Optics 5 
315-325. 
H. Saunders, 1985(b). The impossibility of squaring the 
sphero-cylinder. Ophthalmic and Physiological Optics 5 95. 
H. Saunders, 1989. The futile search for the square of the 
sphero-cylinder. Ophthalmic and Physiological Optics 9 
322-334. 
K.J. Saunders and C.A. Westall, 1991. Comparison between near 
retinoscopy and cycloplegic retinoscopy in the refraction of 
infants and children. Optometry and Vision Science 69 
615-622. 
H. Solomons, 1993. Comparison of autorefractors. Optician 
205(5397) 36-44. 
L. Stark, 1988. Presbyopia in light of accommodation. 
American Journal of Optometry and Physiological Optics 65 
407-416. 
N.C. Strang, B. Winn, L.S. Gray and J.R. Pugh, 1996. The 
reliability of subjective refraction. Ophthalmic and  
Physiological Optics 16 251. 
L. N. Thibos, W. Wheeler and D. Horner, 1997. Power vectors: 
an application of fourier analysis to - the description and 
statistical analysis of refractive error. Optometry and  
Vision Science 74 367-375. 
A. Tunnacliffe and A. Lomas, 1989. Is it safe to prescribe 
autorefractor results? Optician 197(5203) 23-28. 
R.D. Van Gool and W.F. Harris, 1997. Refractive variation 
under accommodative demand: Curvital and scaled torsional 
variances and covariances across the meridians of the eye. 
Optometry and Vision Science 74 445-451. 
G. L. van der Heijde, A.P.A. Beers and M. Dubbelman, 1996. 
Microfluctuations of steady-state accommodation measured with 
ultrasonography. Ophthalmic and Physiological Optics 16 
216-221. 
J. R. Villada, P.S. Raj, A.E. Lewis, P.W.Joyce and A. Watson, 
1992. Comparative evaluation of the Allergan Humphrey 570 and 
Canon RK-1 autorefractors: 11 Objective autorefraction in 
pseudophakes. Eye 6 287-289. 
165 
166 
D. Volk, 1955. Objective methods of refraction. A comparison 
of the Rodenstock Eye-Refractometer and the Reid 
Streak-Retinoscope in determining the refractive status of an 
eye. American Journal of Ophthalmology 39 719-727. 
Y. Wang, L.N Thibos, N. Lopez, T. Salmon and A. Bradley, 1996. 
Subjective refraction of the peripheral field using contrast 
detection acuity. Journal of the American Optometric  
Association 67 584-589. 
W. Wesemann and B. Rassow, 1987. Automatic infrared 
refractors - A comparative study. American Journal of  
Optometry and Physiological Optics 64-627-638. 
M.F. Wesner and F.A. Young, 1986. Comparison of subjective 
lens preference to objective refractive error measurements in 
pigtail macaques. American Journal of Optometry and  
Physiological Optics 63 193-197. 
B. Winn and B. Gilmartin, 1992. Current perspective on 
microfluctuations of accommodation. Ophthalmic and  
Physiological Optics 12 252-256. 
M.E. Woodruff, 1988. Use of the Canon R-10 autorefractor in 
clinical optometry. Canadian Journal of Optometry 50 26-29. 
LIST OF APPENDICES  
Appendix A: Subject questionnaire 
Appendix B: Scatter plots of subjects by age 
B1 - Scatter plots of mean autorefraction 
B2 - Scatter plots of subjective refraction 
B3 - Scatter plots of retinoscopy 
Appendix C: Scatter plots of excesses 
Cl - Excesses of autorefraction over subjective 
refraction 
C2 - Excesses of autorefraction over retinoscopy 
C3 - Excesses of retinoscopy over subjective 
refraction 
Appendix D: Strengths of excesses for Groups 1 to 6 
D1 - Autorefraction over subjective refraction 
D2 - Autorefraction over retinoscopy 
D3 - Retinoscopy over subjective refraction 
Appendix E: Hypothesis tests 
El - Test statistics and critical values for 
hypothesis tests of equality of variance-covariances 
E2 - Test statistics and critical values for 
hypothesis tests of equality of means 
1 67 
APPENDIX A 
A questionnaire that was completed by subjects at the end of 
the experimental procedures. 
SUBJECT QUESTIONNAIRE 
This questionnaire is strictly confidential and will not be 
made available to anyone else without your written permission. 
It is important that your answers be as honest and accurate as 
possible. Please circle the appropriate answers or fill in 
the requested information. 
HANDEDNESS: Right / Left FITNESS LEVEL (Estimate in %). 
PRESENT GENERAL HEALTH: good/fair/poor 
Do you have any conditions such as diabetes, hypertension etc? 
Yes/No 
Specify 	  
168 
Are you using any medication or other agents at present? 
Yes/No For what? 
List names if known 
	  
Have you had any recent surgery? Yes/No 
For? 
When? 
How many months ago was your last medical examination? 3 6 9 
12 24 Other 	  
PRESENT OCULAR HEALTH: good/fair/poor 
Any history of ocular surgery, ocular disease, ocular trauma 
or injury or vision therapy? 
Date and nature 	  
Estimate the number of hours of sleep that you had last night: 
0 2 4 6 8 10 Other 	  
Estimate your tobacco consumption over the last 24 hours: 
Estimate your consumption of alcohol over the last 24 hours: 
Have you done any exercise or sport over the last 48 hours: 
Yes/No 
indicate type 
	 Number of 
hours 
	  
When was your last meal'? 
	 Briefly indicate of 
what it consisted 	
 
	 Make any other comments 
about anything you think might possibly be relevant. 
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Thank you for your cooperation 
Sylvia Moalusi 
APPENDIX B  
Scatter plots of subjects by age 
Appendix B1  
Scatter plots of mean autorefraction for the six age groups 
Note: In Appendix B1 each asterisk is the mean of 10 
measurements for a particular eye. In each of the graphs the 
tick interval is 1 D and origin is at (0 0 0) / D. Graphs for 
the right eyes are represented on the left—hand side and for 
the left eyes on the right—hand side.' The mean autorefraction 
in conventional notation for each sample of the 40 eyes is 
shown below its corresponding scatter plot. 
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Appendix B2  
Scatter plots of subjective refraction for the six age groups. 
For all the graphs the tick interval is 1 D and the origin is 
at (0 0 0) 1 D. Graphs for the right eyes are represented on 
the left-hand side and for the left eyes on the right-hand 
side. The mean subjective refraction in conventional notation 
for each sample of 40 eyes is shown below its corresponding 
scatter plot. 
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Appendix B3  
Scatter plots of retinoscopy for the six age groups. For all 
the graphs, the origin is at (0 0 0) / D and the tick interval 
is 1 D. Graphs for the right eyes are represented on the 
left—hand side and for the left eyes on the right—hand side. 
The mean retinoscopic finding in conventional notation for 
each sample of 40 eyes is shown below its corresponding 
scatter plot. 
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Appendix C  
Scatter plots of excesses 
Appendix Cl  
Scatter plots for the excesses of autorefraction over 
subjective refraction by age. For all the graphs the origin 
is at (0 0 0) / D and the tick interval is 0.5 D. Graphs for 
the right eyes are represented on the left-hand side and for 
the left eyes on the right-hand side. The mean excess in 
conventional notation is shown below its corresponding scatter 
plot. 
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Appendix C2  
Scatter plots for the excesses of autorefraction over 
retinoscopy by age. For all the graphs the origin is at 
(0 0 0) / D and the tick interval is 0.5 D. Graphs for the 
right eyes are represented on the left-hand side and for the 
left eyes on the right-hand side. The mean excess in 
conventional notation is shown below its corresponding scatter 
plot. 
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Appendix C3  
Scatter plots for the excesses of retinoscopy over subjective 
refraction by age. For all the graphs the origin is at 
(0 0 0) / D and the tick interval is 0.5 D. Graphs for the 
right eyes are represented on the left-hand side and for the 
left eyes on the right-hand side. The mean excess in 
conventional notation is shown below its corresponding scatter 
plot. 
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APPENDIX D 
Strengths of excesses for Groups 1 to 6 
Appendix Dl: Strengths of the excesses of autorefraction over 
subjective refraction for Groups 1 to 6. 
Cylindrical-equivalent strengths (s) and sphere-equivalent 
strengths (s e) are shown in columns 1 and 4. The labels n<s or 
n<s s indicate the number of eyes (n) with strength less than 
the given strength indicated in the column for s or s s . For 
example, 6 right eyes in Group 1 have a cylindrical-equivalent 
strength, s less than 0.25 D and 12 right eyes in Group 1 have 
a sphere-equivalent strength s s less than 0.25 D. The number 
of eyes also is expressed as a percentage 
Group 1: right eyes 
in columns 3 and 6. 
s ncs % s s n<s s % 
0.25 6 15.00 0.25 12 30.00 
0.50 19 47.50 0.50 21 52.50 
0.75 22 55.00 0.75 30 75.00 
1.00 30 75.00 1.00 35 87.50 
2.00 38 95.00 2.0 .0 40 100.00 
3.00 40 100.00 3.00 40 100.00 
Group 1: left eyes 
s n<s % s s n<s s % 
0.25 1 2.50 0.25 10 25.00 
0.50 16 40.00 0.50 21 52.50 
0.75 23 57.50 0.75 32 80.00 
1.00 31 77.50 1.00 36 90.00 
2.00 37 92.50 2.00 38 95.00 
3.00 38 95.00 3.00 39 97.50 
4.00 39 97.50 4.00 39 97.50 
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5.00 39 	 97.50 5.00 39 97.50 
6.00 39 	 97.50 6.00 39 97.50 
7.00 39 	 97.50 7.00 40 100.00 
8.00 39 	 97.50 8.00 40 100.00 
9.00 40 	 100.00 9.00 40 100.00 
Group 2: right eyes 
s ncs 	 % s s n<s s % 
0.25 5 	 12.50 0.25 7 17.50 
0.50 17 	 42.50 0.50 22 55.00 
0.75 23 	 57.50 0.75 33 82.50 
1.00 33 	 82.50 1.00' 39 97.50 
2.00 40 	 100.00 2.00 40 100.00 
Group 2: 	 left eyes 
s n<s 	 % s s n<s s % 
0.25 4 	 10.00 0.25 6 15.00 
0.50 14 	 35.00 0.50 21 52.50 
0.75 24 	 60.00 0.75 33 82.50 
1.00 30 	 75.00 1.00 38 95.00 
2.00 39 	 97.50 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 3: right eyes 
s n<s 	 % s s n<s s % 
0.25 6 	 15.00 0.25 10 25.00 
0.50 14 	 35.00 0.50 20 50.00 
0.75 22 	 55.00 0.75 30 75.00 
1.00 30 	 75.00 1.00 36 90.00 
1.25 32 	 80.00 1.25 40 100.00 
1.50 38 	 95.00 1.50 40 100.00 
1.75 40 	 100.00 1.75 40 100.00 
183 
Group 
s 
3: left eyes 
n<s 	 % s s n<s s % 
0.25 •6 	 15.00 0.25 8 20.00 
0.50 16 	 40.00 0.50 24 60.00 
0.75 25 	 62.50 0.75 31 77.50 
1.00 30 	 75.00 1.00 37 92.50 
1.25 36 	 90.00 1.25 40 100.00 
1.50 38 	 95.00 1.50 40 100.00 
1.75 40 	 100.00 1.75 40 100.00 
Group 4: right eyes 
s n<s 	 % s s n<s s % 
0.25 2 	 5.00 0.25 3 7.50 
0.50 15 	 37.50 0.50 24 60.00 
0.75 24 	 60.50 0.75 33 82.50 
1.00 33 	 82.50 1.00 36 90.00 
2.00 39 	 97.50 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 4: left eyes 
s n<s 	 % s s n<s s % 
0.25 2 	 5.00 0.25 8 20.00 
0.50 17 	 42.50 0.50 24 60.00 
0.75 24 	 60.00 0.75 32 80.00 
1.00 31 	 77.50 1.00 36 90.00 
2.00 39 	 97.50 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 5: right eyes 
n<s s s n<s s 
0.25 6 	 15.00 0.25 14 35.00 
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0.50 21 	 52.50 0.50 29 72.50 
0.75 31 	 77.50 0.75 38 95.00 
1.00 38 	 95.00 1.00 40 100.00 
1.25 40 	 100.00 1.25 40 100.00 
Group 5: left eyes 
s Tics 	 % s s n<s„ % 
0.25 7 	 17.50 0.25 12 30.00 
0.50 17 	 42.50 0.50 24 60.00 
0.75 26 	 65.00 0.75 37 92.50 
1.00 35 	 87.50 1.00 40 100.00 
1.25 39 	 97.50 1.25 40 100.00 
1.50 40 	 100.00 1.50 40 100.00 
Group 6: right eyes 
s ncs 	 % s, n<s, % 
0.25 4 	 10.00 0.25 6 15.00 
0.50 14 	 35.00 0.50 22 55.00 
0.75 24 	 60.00 0.75 32 80.00 
1.00 31 	 77.50 1.00 37 92.50 
2.00 37 	 92.50 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 6: left eyes 
s n<s 	 % s, n<s $ % 
0.25 6 	 15.00 0.25 12 30.00 
0.50 18 	 45.00 0.50 28 70.00 
0.75 29 	 72.50 0.75 34 85.00 
1.00 31 	 77.50 1.00 37 92.50 
2.00 40 	 100.00 2.00 40 100.00 
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Appendix D2: Strengths of the excesses of autorefraction over 
retinoscopy for Groups 1 to 6. Labels have the same meaning 
as explained in the caption for Appendix Dl. 
Group 1: 	 right eyes 
s n<s 	 % s s n<s s % 
0.25 0 	 0.00 0.25 0 0.00 
0.50 0 	 0.00 0.50 4 10.00 
o.75 4 	 10.00 0.75 8 20.00 
1.00 8 	 20.00 1.00 17 42.50 
2.00 32 	 80.00 2.00 38 95.00 
3.00 39 	 97.50 3.00 39 97.50 
4.00 39 	 97.50 4.00 40 100.00 
5.00 39 	 97.50 5.00 40 100.00 
6.00 40 	 100.00 6.00 40 100.00 
Group 1: 	 left eyes 
s n<s 	 % s s n<s s % 
0.25 2 	 5.00 0.25 3 7.50 
0.50 5 	 12.50 0.50 9 22.50 
0.75 10 	 25.00 0.75 18 45.00 
1.00 16 	 40.00 1.00 29 72.50 
2.00 37 	 92.50 2.00 37 92.50 
3.00 37 	 92.50 3.00 38 95.00 
4.00 38 	 95.00 4.00 38 95.00 
5.00 38 	 95.00 5.00 39 97.50 
6.00 39 	 97.50 6.00 39 97.00 
7.00 39 	 97.50 7.00 40 100.00 
8.00 39 	 97.50 8.00 40 100.00 
9.00 40 	 100.00 9.00 40 100.00 
Group 2: right eyes 
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s n<s 	 % s, n<s s % 
0.25 0 	 0.00 0.25 0 0.00 
0.50 0 	 0.00 0.50 3 7.50 
0.75 3 	 7.50 0.75 9 22.50 
1.00 6 	 15.00 1.00 19 47.50 
2.00 27 	 67.50 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 2: 	 left eyes 
s n<s 	 % s, n<s, % 
0.25 1 	 2.50 0.25 1 2.50 
0.50 5 	 12.50 0.50 11 27.50 
0.75 12 	 30.00 0.75 23 57.50 
1.00 22 	 55.00 1.00 32 80.00 
2.00 40 	 100.00 2.00 40 100.00 
Group 3: 	 right eyes 
s n<s 	 % s, n<s, % 
0.25 0 	 0.00 0.25 0 0.00 
0.50' 0 	 0.00 0.50 0 0.00 
0.75 0 	 0.00 0.75 8 20.00 
1.00 7 	 17.50 1.00 17 42.50 
2.00 34 	 85.00 2.00 38 95.00 
3.00 39 	 97.50 3.00 40 100.00 
4.00 40 	 100.00 4.00 40 100.00 
Group 3: 	 left eyes 
s n<s 	 % s, n<s, % 
0.25 2 	 5.00 0.25 4 10.00 
0.50 5 	 12.50 0.50 9 22.50 
0.75 10 	 25.00 0.75 20 50.00 
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1.00 19 	 47.50 1.00 30 75.00 
2.00 36 	 90.00 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 4: 	 right eyes 
s n<s 	 % s s n<s s % 
0.25 0 	 0.00 0.25 0 0.00 
0.50 0 	 0.00 0.50 1 2.50 
0.75 1 	 2.50 0.75 3 7.50 
1.00 2 	 5.00 1.00 10 25.00 
2.00 33 	 82.50 2.00 39 97.50 
3.00 39 	 97.50 3.00 40 100.00 
4.00 40 	 100.00 4.00 40 100.00 
Group 4: 	 left eyes 
s n<s 	 % s s n<s s % 
0.25 0 	 0.00 0.25 0 0.00 
0.50 2 	 5.00 0.50 7 17.50 
0.75 8 	 20.00 0.75 17 42.50 
1.00 17 	 42.50 1.00 28 70.00 
2.00 37 	 92.50 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
Group 5: 	 right eyes 
s n<s 	 % s s n<s s % 
0.25 0 	 0.00 0.25 1 2.50 
0.50 1 	 2.50 0.50 3 7.50 
0.75 3 	 7.50 0.75 7 17.50 
1.00 6 	 15.00 1.00 17 42.50 
2.00 35 	 87.50 2.00 39 97.50 
3.00 39 	 97.00 3.00 40 100.00 
4.00 40 	 100.00 4.00 40 100.00 
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Group 
s 
5: 	 left eyes 
n<s 	 % s s n<s s % 
0.25 0 	 0.00 0.25 0 0.00 
0.50 0 	 0.00 0.50 3 7.50 
0.75 4 	 10.00 0.75 17 42.50 
1.00 16 	 40.00 1.00 29 72.50 
2.00 38 	 95.00 2.00 39 97.50 
3.00 40 	 100.00 3.00 40 100.00 
Group 6: 	 right eyes 
s n<s 	 % s s n<s s % 
0.25 0 	 0.00 0.25 0 0.00 
0.50 0 	 0.00 0.50 2 5.00 
0.75 2 	 5.00 0.75 6 15.00 
1.00 6 	 15.00 1.00 12 30.00 
2.00 28 	 70.00 2.00 37 92.50 
3.00 37 	 92.50 3.00 40 100.00 
4.00 40 	 100.00 4.00 40 100.00 
Group 6: 	 left eyes 
s ncs 	 % s s Tic's, % 
0.25 1 	 2.50 0.25 1 2.50 
0.50 1 	 2.50 0.50 5 12.50 
0.75 7 	 17.50 0.75 17 42.50 
1.00 14 	 35.00 1.00 23 57.50 
2.00 34 	 85.00 2.00 40 100.00 
3.00 40 	 100.00 3.00 40 100.00 
190 
Appendix D3: Strengths of the excesses of retinoscopy over 
for Groups 1 to 6. 	 Labels have the same 
in the caption for Appendix Dl. 
eyes 
subjective refraction 
meaning as explained 
Group 1: right 
s n<s % s s n<s s % 
0.25 1 2.50 0.25 1 2.50 
0.50 3 7.50 0.50 11 27.50 
0.75 14 35.00 0.75 24 60.00 
1.00 21 52.50 1.00 34 85.00 
2.00 39 97.50 2.00 40 100.00 
3.00 40 100.00 3.00 40 100.00 
Group 1: 	 left eyes 
s n<s % s s n<s s % 
0.25 5 12.50 0.25 8 20.00 
0.50 18 45.00 0.50 24 60.00 
0.75 28 70.00 0.75 35 87.50 
1.00 34 85.00 1.00 37 92.50 
2.00 39 97.50 2.00 40 100.00 
3.00 40 100.00 3.00 40 100.00 
Group 2: 	 right eyes 
s n<s % s s n<s s % 
0.25 2 5.00 0.25 2 5.00 
0.50 6 15.00 0.50 12 30.00 
0.75 17 42.50 0.75 26 65.00 
1.00 23 57.50 1.00 31 77.50 
2.00 39 97.50 2.00 40 100.00 
3.00 40 100.00 3.00 40 100.00 
Group 2: 	 left eyes 
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s n<s % s, n<s, % 
0.25 8 20.00 0.25 12 30.00 
0.50 17 42.50 0.50 26 65.00 
0.75 33 82.50 0.75 39 97.50 
1.00 39 97.50 1.00 39 97.50 
2.00 40 100.00 2.00 40 100.00 
Group 3: 	 right eyes 
s n<s % s, n<s, % 
0.25 o 0.00 0.25 0 0.00 
0.50 1 2.50 0.50 9 22.50 
0.75 10 25.00 0.75 17 42.50 
1.00 17 42.50 1.00 30 75.00 
2.00 38 95.00 2.00 40 100.00 
3.00 40 100.00 3.00 40 100.00 
Group 3: 	 left eyes 
s n<s % s, n<s„ % 
0.25 5 12.50 0.25 9 22.50 
0.50 14 35.00 0.50 20 50.00 
0.75 21 52.50 0.75 33 82.50 
1.00 32 80.00 1.00 35 87.50 
2.00 39 97.50 2.00 40 100.00 
3.00 40 100.00 3.00 40 100.00 
Group 4: 	 right eyes 
s ncs % s s  n<s s % 
0.25 1 2.50 0.25 1 2.50 
0.50 1 2.50 0.50 5 12.50 
0.75 7 17.50 0.75 19 47.50 
1.00 17 42.50 1.00 32 80.00 
1.25 28 70.00 1.25 39 97.50 
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1.50 35 87.50 1.50 40 100.00 
1.75 38 95.00 1.75 40 100.00 
2.00 40 100.00 2.00 40 100.00 
Group 4: 	 left eyes 
s n<s % s s n<s s % 
0.25 4 10.00 0.25 6 15.00 
0.50 12 30.00 0.50 21 52.50 
0.75 23 57.50 0.75 34 85.00 
1.00 34 85.00 1.00 38 95.00 
1.25 37 92.50 1.25 40 100.00 
1.50 39 97.50 1.50 40 100.00 
1.75 40 100.00 1.75 40 100.00 
Group 5: right eyes 
s nCs % s s n<s s % 
0.25 0 0.00 0.25 2 5.00 
0.50 3 7.50' 0.50 6 15.00 
0.75 7 17.50 0.75 11 27.50 
1.00 10 25.00 1.00 17 42.50 
2.00 23 57.50 2.00 26 65.00 
4.00 33 82.50 4.00 36 90.00 
6.00 37 92.50 6.00 37 92.50 
8.00 37 92.50 8.00 39 97.50 
10.00 39 97.50 10.00 40 100.00 
12.00 40 100.00 12.00 40 100.00 
Group 5: 	 left eyes 
s n<s % s s n<s s % 
0.25 0 0.00 0.25 1 2.50 
0.50 4 10.00 0.50 7 17.50 
0.75 7 17.50 0.75 16 40.00 
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1.00 	 16 40.00 1.00 20 50.00 
2.00 	 27 67.50 2.00 31 77.50 
4.00 	 36 90.00 4.00 38 95.00 
6.00 	 38 	 , 95.00 6.00 39 97.50 
8.00 	 39 97.50 8.00 40 100.00 
10.00 	 40 100.00 10.00 40 100.00 
Group 6: right eyes 
s 	 n<s % s s n<s s % 
0.25 	 2 5.00 0.25 3 7.50 
0.50 	 6 15.00 0.50 8 20.00 
0.75 	 9 22.50 0.75 11 27.50 
1.00 	 11 27.50 1.00 20 50.00 
2.00 	 33 82.50 2.00 40 100.00 
3.00 	 40 100.00 3.00 40 100.00 
Group 6--left eyes 
s 	 n<s % s s n<s s % 
0.25 	 2 5.00 0.25 7 17.50 
0.50 	 10 25.00 0.50 18 45.00 
0.75 	 20 50.00 0.75 22 55.00 
1.00 	 21 52.50 1.00 30 75.00 
2.00 	 36 90.00 2.00 40 100.00 
3.00 	 40 100.00 3.00 40 100.00 
Appendix E  
Hypothesis tests 
Appendix El  
Test statistics (u) and critical values (X ((.24) for hypothesis 
tests on equality of variance—covariance. The null hypothesis 
(H o ) is that the variances are equal. The alternate 
hypothesis (H a) is that the variances are not equal. The 
value of a is 0.05 and the confidence level is 95%. The 
results for right eyes (RE) and left eyes (LE) are given 
below. 
For the model eye at 09h00, 11h00, 13h00, 15h00 and 17h00 
)dt,24 = 36.415 u = 444.65 
	
Result: Reject H o 
 
For subjective refraction in Groups 1 to 6 
RE 0,.30 = 43.773 u = 262.28 	 Result: Reject 11 0 
LE X:,30 = 43.773 u = 171.96 
	 Result: Reject Ho 
For retinoscopy in Groups 1 to 6 
RE X:,3o = 43.773 u = 284.43 	 Result: Reject f/ 0 
LE X.:,30 = 43.773 u = 201.71 	 Result: Reject Ho 
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For autorefraction in Groups 1 to 6 
RE X 20,.3o = 43.773 u = 189.71 
	
Result: Reject Ho 
LE X.30 = 43.773 U. = 138.43 	 Result: Reject 1/ 0 
For the excesses of autorefraction over subjective refraction 
in Groups 1 to 6 
RE x,,, 30 = 43.773 u = 123.92 	 Result: Reject Ho 
LE X!,3o = 43.773 u = 214.04 	 Result: Reject I/ 0 
For the excesses of autorefraction over retinoscopy in Groups 
1 to 6 
RE X:.30 = 43.773 u = 91.37 	 Result: Reject I/ 0 
LE X:,30 = 43.773 u =254.56 	 Result: Reject I/ 0 
For the excesses of retinoscopy over subjective refraction 
	
RE x .30 = 43.773 u = 602.52 	 Result: Reject 1/ 0 
LE v 
	
= 43.773 u = 416.21 	 Result: Reject 1/0 
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Appendix E2  
Test statistics Uhet(0 and critical values (x a, 3, 0.0, 120.5) for 
hypothesis tests on equality of mean refractive state. The 
null hypothesis MO is that the means are equal. The 
alternative hypothesis (H a) is that the means are not equal. 
The value of a is 0.05 and the confidence level is 95%. 
For the model eye at 09h00, 11h00, 13h00, 15h00 and 17h00 
Xa.3, 0.0, 120.5 = 0.05 theta = 0.98 	 Result: Reject H 0 
For subjective refraction in Groups 1 to 6 
RE 	 x.a,3, 0.5, 115.0 = 0.07 	 theta = 0.10 Result: Reject Ho 
LE 	 xa,3,0.5,115.o = 0.07 	 theta = 0.08 Result: Reject Ho 
For retinoscopy in Groups 1 to 6 
RE 	 Xa,3, 0.5, 115.0 = 0.07 	 theta = 0.20 Result: Reject HO 
LE 	 xa,3,o.s.ils.o = 0.07 	 theta = 0.05 Result: Reject Ho 
For autorefraction in Groups 1 	 to 6 
RE 	 xa, 3. 0.5,115.0 = 0.07 	 theta = 0.12 Result: Reject H 0  
LE 	 xa. 3, 0.5.115.0 = 0.07 	 theta = 0.15 Result: Reject Ho 
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For the means of the excesses of autorefraction over 
subjective refraction in Groups 1 to 6 
RE X a, 3. 0.5. 1 .15.0 = 0. 07 
	
= 0.06 	 Result: Accept H 0 
LE 	 = 0.07 theta = 0.05 	 Result: Accept H o 
For the means of the excesses of autorefraction over 
retinoscopy in Groups 1 to 6 
RE x a, 3, 0.5. 115.0 = 0.07 theta = 0.10 	 Result: Reject Igo 
LE xa,3.0.5,11sm = 0.07 theta = 0.06 	 Result: Accept H 0  
For the means of the excesses of retinoscopy over subjective 
refraction 
RE Xa. 3, 0.5, 115.0 = 0.07 theta = 0.15 	 Result: Reject H 0  
LE xcE, 3, 0.5, 115.0 = 0.07  theta = 0.13 	 Result: Reject H0 
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